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1. Introduction 



■,— |- . 1.1. The aim of this paper is to give an exposition of some recent progress on the 

(^ ' computation of the unitary dual of a reductive group over a local field of charac- 

OO , teristic 0. The results are for Langlands quotients of minimal principal series, and 

O ■ form the subject of [Bal], [BP], and [BCT] . 

Let F be the real field or a j>-adic field of characteristic zero, and let | | denote 
(«j ■ the absolute value, respectively the p-adic norm. When F is p-adic, we let 

H' = {xeF: |a;| < 1}, andP = {a; eF: |;r| < 1}, (l-l-l) 

^ '. 

be the ring of integers, respectively the unique prime ideal. Let O^ = O \ T-" be the 

set of invertible elements in the ring of integers. We fix an uniformizer vu G V, and 

then V = mO. The quotient O/V is isomorphic to a finite field Fg of characteristic 

P- 

Let G{¥) be the F-points of a linear connected reductive group G defined over 
F. Assume that G{¥) is split. This means that G has a Cartan subgroup H such 
that H{¥) is isomorphic to a product of r := rank(G') copies of F^. In this paper 
we will deal almost exclusively with split groups. Since G(F) is split, G also has 
a Borel subgroup which is defined over F. Choose such a Borel subgroup B, and a 
split Cartan subgroup H d B. 

The reductive connected algebraic group G is determined by the root datum 
(A", i?, 3^, R), where X is the lattice of algebraic characters of H, y is the lattice of 
algebraic cocharacters of H, R is the set of roots of H in G and R are the coroots. 

1 
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Then H{¥) = y (E>z F^. The choice of Borel B determines the positive roots R^ 
and positive coroots R^. Also let f) = 3^ 0^ C be the complex Lie algebra of H{¥). 
Let ^G be the dual complex connected group corresponding to {y,R,X,R). 
Denote hy H := X ®z C^. This is a Cartan subgroup of ^G. Its Lie algebra is 
i) = X ®z C. The torus H has a polar decomposition 

H = He- Hh, where H^ = X (g)z S^ and Hj, ^ X (g)z R>o- (1-1-2) 

A semisimple element s G ^G is called elliptic (respectively, hyperbolic) if s is 
conjugate to an element of H^ (respectively, Hh)- Similarly, the Lie algebra i) oi H 
has a decomposition into a real (hyperbolic) part ^r = <¥ 0^ M and an imaginary 
(elliptic) part ^^r = X ®z iR. 

We fix a maximal compact subgroup K in G(F) in the real case, and K = G(0) 
in the p-adic case. Set °ff = H{¥)(^K. In the real case °ff is isomorphic to (rank G)- 
copies of Z/2Z. The familiar notation for ^H in this case is M. In the p-adic case, 
^H is isomorphic with (rank G)-copies of O^. 

For a character x of H{¥)^ the minimal principal series X{x) is defined to be 

X(x)=Ind^j;(x®l), (1.1.3) 

where Ind means unitary induction. Each such principal scries has finite composi- 
tion series, and in particular a canonical completely reducible subquoticnt denoted 
i(x). This paper is concerned with the problem of when the constituents of L{x) 
are unitary. 

A character %: H{¥) -^ C is called spherical (or unramified) if its restriction to 
^H is trivial, i.e. "x := xV'h — triv. It is called nonspherical (or ramified) otherwise. 

There are two main themes in this paper: the first is to describe what is known 
about the unitarizability of the unramified subquotient L{x), and the second is 
to relate the unitarizability of the Langlands subquotients of ramified minimal 
principal series X{x) of G(F) with the spherical unitary dual for certain groups 
G{\) attached to \ (see definition in ll.9p . 

1.2. We begin with the case when the character x of H{¥) is unramified. 

A representation (tt, V) is called spherical if the set V^ of vectors fixed by K is 
nontrivial. By Frobenius reciprocity X{x)^ is 1-dimensional when x is unramified. 
Thus X{x) is spherical, and has a unique irreducible subquotient which is spherical. 
In the unramified case, this is precisely the canonical subquotient L{x) alluded to 
earlier. 

The basic example, going back to [Bar] is G = SL{2, M). Then H(R) = K^ . The 
unramified character x can be written as 

X^Xu- H{R) ^^R"" ^C, Xi^iz) = l^r, zeR"", for some ly e C. (1.2.1) 

When i> is purely imaginary, X{xij) is irreducible (and unitary). If v is real, then 
X(i/) is reducible if and only if {a, v) e 2Z -I- 1. When (d, v) = 1, respectively —1, 
then the trivial representation is a quotient, respectively a submodule oi X{x)- The 
spherical Langlands subquotient L{xu) is unitary for 

u e iM, and, (1-2.2) 

1/ G M, such that -1 < {a,i^) < 1. 
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1.3. Now we consider the similar example for SL{2,¥), when F is p-adic. This is 
again well-known (|Sa|). and we refer the reader to chapter 9 of |Cas2j for a detailed 
treatment. The unramificd characters of E[(F) = F^ can be described similarly to 
p.2.ip . but since now | | is the p-adic norm, the actual parameterization is 

X = X^ : H{¥) = F^ ^ C, xA^) = Nr, ^ e F^, for some v e C/{2Tri/\ogq)Z. 

(1.3.1) 

When 1/ is real, X(xjy) is reducible if and only if (a^iy) = ±1, which is the value 
of the parameter where the trivial representation is a subquoticnt. But when v 
is purely imaginary, there are two cases one needs to consider. If i^ ^ 7ri/logg, 
then X{xi,) is irreducible (and unitary), li u ~ Tri/\ogq, then X(xi^) decomposes 
into a sum of two irreducible submodules. both of which are unitary. It is worth 
noting that the Weyl group W = S2 acts hy v ^> —v, and v = ni/logq is the only 
nontrivial parameter so that Xu is fixed by W. 

The spherical Langlands subquotient L(xu) is unitary for 

u Ei{R/{2Tr/\ogq)Z), v^mjXogq, (1.3.2) 

V = 7ri/ log (7, and 

z^ e M, such that - 1 < (a, i^) < 1. 

What should be noted from equations (|1.2.ip . (|1.2.2p and (|1.3.1|1 . (|1.3.2p is that, 
if V is assumed real, then the parameter sets for the spherical representations and 
the unitary sets are the same for both real and p-adic case. This suggests the 
following natural questions: 

(a) Can the determination of the unitary representations be reduced to the 
case when the parameter is (in some technical sense) real? 

(b) If the parameter is assumed real, can one generalize the identification of 
spherical unitary duals between the real and p-adic cases to all split groups? 

When F = R, the answer to (a) is the well-known reduction to real infinitesimal 
character to Levi subgroups for unitary representations (sec Chapter XVI in [Kn| 
for example). In the particular case of spherical representations, the reduction has 
a simple form. Assume v = ^v + i'^v with Qi^ 7^ 0. '^v defines a proper parabolic 
subgroup Pcjy = L-^vU^u of G (similarly to the construction in section [2. 9[) . Then 

i(x.) - lnA%jLM.,Ax^.)). (1.3.3) 

and since this is unitary induction, L{xu) is unitary for G if and only if ij\fQ„(x5Ri^) 
is unitary for Mqi, (a proper Levi). 

When F is p-adic, the situation is more complicated as already seen in the case 
v = TTi/logq in SL{2). The answer is positive nevertheless for the representations 
which appear in unramified principal series, and it is the subject of |BM2| . 

The answer to (b) is known to be positive, at least when G is of classical type 
( jBalj ). But in order to explain this (and the reduction to "real infinitesimal 
character" in the p-adic case) , we need to introduce the Iwahori-Hecke algebra and 
its graded versions. 

1.4. Let F be a p-adic field. In this case, the set of spherical irreducible representa- 
tions are part of a larger class, the Iwahori-spherical representations. Let Ki C K 
be the subgroup of K of elements congruent to Id modulo V. Then there is an 
exact sequence 

1 — >Ki — >K ^^ K/Ki ^ G(Fq) — > 1. (1.4.1) 
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The group B{¥q) is a Borel subgroup of G{¥q). Then I := TT^^{B{¥q)) is an open 
compact subgroup of K, cahed an Iwahori subgroup. The Iwahori-Hecke algebra, 
denoted Ti, is the algebra of locaUy constant compactly supported X-biinvariant 
functions under convolution. If (tt, V) has X-fixcd vectors, then H acts on V^ . Let 
C{X, triv) be the category of admissible representations such that each subquotient 
is generated by its X-fixed vectors. A central theorem in the representation theory 
of reductive p-adic groups is the following result of Borel and Casselnian. 

Theorem (Borel-Casselman). The association V i~> V'^ is an equivalence of cate- 
gories between C (2, triv) and the category of finite dimensional representations of 

n. 



1.5. The Hecke algebra Ti. also has a * operation f*{g) := f{g~^)- So it makes sense 
to talk about hermitian and unitary H-modules. The next theorem transforms the 
analytic problem of classifying Z-spherical unitary representation of the group G(F) 
(F p-adic), which is about infinite dimensional representations, to the algebraic 
problem of classifying finite dimensional unitary representations of Ti. 

Theorem ( |BM1| . |BM2| ). (tt, ]/) is a unitary representation ofG{¥), ¥ p-adic, if 
and only if V^ is a unitary module of the Iwahori-Hecke algebra Ti. 

The proof of this theorem requires the classification of the irreducible finite 
dimensional representations of Ti from the work of Kazhdan-Lusztig f |KLj ). We 
give an outline of the machinery involved, more details are available in later sections. 
The algebra Ti has two well-known descriptions in terms of generators and relations. 
The original description is in terms of the affine Weyl group ( [IM| ) . We will use 
a second one due to Bernstein, because it is better suited for our purposes (see 
section l3T|) . Schur's lemma for Ti holds, so the center of Ti acts by scalars on 
any irreducible finite dimensional representation. By the aforementioned result of 
Bernstein, the characters of the center of Ti, which we call infinitesimal characters 
in analogy with the real case, can be identified with semisimple orbits of ^G. 

Therefore, they are also in 1-1 correspondence with M^-orbits of elements of H. 
Suppose s G H denotes an infinitesimal character. Decompose s = Se ■ Sh, where Se 
is elliptic, and Sh hyperbolic. 

Definition. The infinitesimal character s is called real, if the W -orbit of Se has 
only one element. 

|BM1| proves theorem 11.51 in the case when the infinitesimal character is real. 
Then [BM2| extends the result to all infinitesimal characters. In the process, [BM2| 
shows that it is sufficient to determine the unitary dual of the graded version of the 
Iwahori-Hecke algebra defined in [Lulj . denoted H, and in addition it is enough to 
consider modules with real infinitesimal character only. 

The affine graded Hecke algebra is the associated graded object to a filtration 
of ideals of Ti defined relative to a (W^-orbit) of an elliptic element Sg- It has an 
explicit description in terms of generators and relations, similar to the Bernstein 
presentation ( [Lulj ). For example when Sg = 1, as a vector space, H is generated 
by a copy of C[W^], the group algebra of W, and a copy of the symmetric algebra 
A = Sym{i)), with a nontrivial commutation relation between C[W] and A. f See 13. 31 
for the precise definition.) The center of HI is A^, so the central ("infinitesimal") 
characters are parameterized by VF-orbits in \). We call an infinitesimal character 
for H real if it is an orbit of elements in ^k . 
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When Se 7^ 1, we refer the reader to |BM2| . and we will only give the details 
(which are representative) for the case of SL{2,¥). |BM2| proves that the unitarity 
of a 7i-modulc with infinitesimal character s = s^Sh is equivalent with the unitarity 
of the corresponding H^^ -module with (real) infinitesimal character logs/i, where 
Hs^ is the algebra obtain by "grading" at W ■ Se- 

1.6. We explain the example of S'i(2,F), F p-adic, in this setting, and illustrate 
the role of the Hecke algebra. The dual complex group is ^G = PGL{2,C). The 
algebra Ti is generated (in Bernstein's presentation) by T corresponding to the 
nontrivial element of VF, and corresponding to the unique coroot, subject to the 
relations 

T^^{q-l)T + q, T9 = 9-^T+{q-l){0 + l). (1.6.1) 

The center of H is generated by 9 + 9^^. Homomorphisms of the center correspond 
to M^-orbits of semisimple elements s = SeSh £ H. In the correspondence \TM if 
F is a subquotient of X{xu) (as in (|1.3.ip ). then the center of TC acts on V-^ by 

'a 

a = lylogq/?:. As noted in section [1.31 the principal series X{xiy) is irreducible for 
u ^ 1,1/ =/= iri/logq. When it is reducible, the constituents are: the trivial module 
(triv), the Steinberg module {St), which is the unique submodule (discrete series) 
at I' = 1, the two components Xsph and Xnonsph sA. v = Tri/\ogq. They correspond 
to the four one-dimensional Hecke modules as follows: 



q'^ + q ^ ■ The infinitesimal character s G 7? is (the VK-orbit of) 



where 



5L(2)-mod 


TC-mod 


Action of Z{n) 


Inf. char, s 


Se 


triv 
St 


T = q, e = q 
T = -1, 9 = q-^ 


q + q~^ 
q + q^' 


flogq/n \ 
\ tt/ log q) 


(I 0\ 


Xsph 
-^ nonsph 


T = q, 9 = -I 
r= -1, 61 = -1 


-2 
-2 


(i 0\ 


(i 0\ 



Relative to Se, there are three cases as follows. 

1.6.1. Se = p, 1 I • The infinitesimal character s is real. The affine graded Hecke 
algebra is generated by t, lu subject to the relations 

^2 = 1, tuj + ujt=l. (1.6.2) 

This case is relevant for the unitarity of the complementary series in SL{2, F). 





1.6.2. 



The infinitesimal character s is real. Because 9{se) ~ — 1, 



the affine graded Hecke algebra is the group algebra of the affine group generated 
by t, LU with relations 



t' 



1, 



tuj + LUt = 0. 



(1.6.3) 

The finite dimensional representation theory of this algebra is also well known, but 
quite different from case ll.6.Tl In particular, at real infinitesimal character the only 
unitary representations occur at Sh = 1- They correspond to the two modules Xsph 

anQ vY no7isph • 
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1.6.3. Se = r^ A_i )• When C ^ ±1, the infinitesimal characters are not real, 

so there is a reduction to a smaller algebra. The affine graded Hecke algebra Hg^ 
in [BM2j is generated by E"^, E^-i, t, oj satisfying the following relations: 

(1) El^Ec^, E'^_, =E^-i, E(;-E^-i =0, E^+E^-i = 1, in other words they 
arc projections, 

(2) tE^ ^ E^-it, E^t = tEi^^i, 

(3) t^ = 1, tuj + ujt = 1. 

Let A^2 be the algebra of 2 x 2 matrices with complex coefficients and the usual 
basis Eij. Let A be the polynomial algebra generated by oj. Then theorem 3.3 in 
[BM2| states that the map m® a i-^ \E'(to) • a from A^2 <8)c ^ to H^^ 



* : X2 — > El^e 

Eii^E^, Ei2^E^t, E2i^tE^, E22^tE^t = E^- 



(1.6.4) 



is an algebra isomorphism. Therefore H^^, is Morita equivalent to A. The equiva- 
lence also preserves unitarity. It follows that the only unitary representation with 
such infinitesimal character is the trivial one. This case corresponds to the unitarity 
of X{xu), V purely imaginary, but z^ 7^ 0, ttz/ logg. 

1.7. Now we can describe the role of the graded algebra H in the determination 
of the spherical unitary dual of G(R). The SL{2) examples suggest that, in this 
correspondence, under the appropriate technical assumption ("real infinitesimal 
character"), there should be a matching of the unitary representations. The techni- 
cal notion for proving this correspondence is that of petite K -types for real groups, 
which were defined in [Balj and studied further in [Ba2| and |BPj . 

In theorem 11.41 the unramified principal series X(x) correspond to the induced 
Hecke modules H (2)a C^, where x can be identified with an element of t). The 
action of H on this induced module, which we will denote by X{x) ^^ well, is by 
multiplication on the left. Therefore as a C[W] module it is isomorphic to the left 
regular representation, 

A module (tt, V) of H is called spherical if it has nontrivial V7-fixed vectors, 
i.e. V^ ^ (0). It is clear from (|1.7.ip that the H-module X{x) contains the trivial 
VF-type with multiplicity 1. so it has a unique spherical subquotient, denoted again 
by L{x). In theorem ll.4[ spherical modules for HI match spherical modules for G{¥). 
Assume that x is real and dominant, and such that the spherical quotient L(x) 
is hermitian. Then X{x) has an invariant hermitian form so that the radical is 
the maximal proper invariant subspace (so that the quotient is L{x)). Each space 
VI inherits a hermitian form JS,{x) depending continuously on x so that L{x) 
is unitarizable if and only if all ^^(x), "0 £ W, are positive semidefinite. The 
set of relevant VF-types defined in [Bal| . [Ba2| . |BC2| is a minimal set of W- 
representations with the property that an L{x) is unitary if and only if the form 
A^ is positive definite for all -0 relevant. 

Example. For G = SL{n), the representations a of the Weyl group W = Sn are 
parameterized by partitions, and the set of relevant W -types are formed only of the 
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partitions with at most two parts / ]Balj ). In G = Eg, there are 112 W-types, and 
only nine are called relevant ( ]BC2| ). 

Now consider the case F = M and x ^ rsal unramified character. Assume that 
there is w € W so that wx = X^^- This is the condition x must satisfy so that 
X{x) admits an invariant hermitian form. Assume further that x is dominant so 
that L{x) is the quotient by the maximal proper invariant subspace. The maximal 
proper invariant subspace is also the radical of the hermitian form, so that L{x) 
inherits a nondegenerate hermitian form. Then for every i^-type /i, there is a 
hermitian form ^J^(x) on Homif[/x,X(x)]. The module L{x) is unitary if and only 
if ^*(x) is positive semidefinite for all ^. By Frobenius reciprocity, we can interpret 
■^u(x) a-s a hermitian form on (V^^)*. Moreover (V^)* is a representation of W 
(not necessarily irreducible). We denote it by -0^. 

The petite -fC-types are iiT-types such that the real operator A^{x) coincides 
with the Hecke operator jff, (x)- The petite spherical A'- types for split G(R) are 
studied in [Ball [Ba2] . 

Example. For the spherical principal series of SL(2,R)^ (where K = 5*0(2) and 
W = Z/2Z^ the only petite S0{2)-types appearing in ^(x) ^'"c (0), and (±2), which 
correspond to the trivial, and the sign W -representations respectively. 

The main result is that, for every simple split group G'(R), every relevant W- 
type occurs in {V^^)* for a petite fi. The consequence is that the set of unitary 
spherical representations with real infinitesimal character for a real split group 
G{M.) is contained in the set of unitary spherical parameters with real infinitesimal 
character for the corresponding p-adic group G(F). In fact, for the split classical 
groups, |Balj proves that these sets are equal. (This is false for nonsplit groups, 
see [Ba3| for complex groups, |Ba4j and [BC3| for unitary groups.) 

1.8. The description of the spherical unitary dual (for real infinitesimal character) 
when G(F) is a simple split group has a particularly nice form. The details are in 
section [5l where we also explain the main theorem. 

View the spherical parameter x &s an element of f)R. Then, motivated by the 
results in |KL| . one can attach to x a nilpotent ^G-orbit 0{x) in g as follows. Note 
first that because x ^ is semisimple, the centralizer ^G(x) is connected. In fact, 
it is a Levi subgroup of ^G. Define 

Bi = {Xe3-[x,X]^X}. (1.8.1) 

This vector space consists of nilpotent elements of g. The group ^G(x) acts on gi 
via the adjoint representation with finitely many orbits. Therefore there exists a 
unique orbit which is open (dense) and we define 0{x) to be its ^G-saturation. 

For every nilpotent orbit O in g, we fix a Lie triple {e, A, /} (see [CM]), and 
we denote by },{0) the centralizer in g of this Lie triple. Then, in particular, any 
parameter x for which (5(x) = O can be written (up to VF-conjugacy) as 

X^h/2 + iy, ueiiO). (1.8.2) 

In fact, according to [BMlj . O is the unique maximal nilpotent orbit for which x 
can be written in this way. 
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Definition. We define the complementary series attached to O, denoted by CSg{0), 
to be the set of spherical parameters x such that L{x) is unitary and 0{x) = O. 
Clearly, the spherical unitary dual of G(¥) is the disjoint union of all CSg{0). 

When = 0, i.e. the trivial nilpotent orbit in g, the set of parameters x such 
that 0{x) = corresponds to those characters x for which X{x) is irreducible. 
By the results of |Vo4j in the real case, [BM4j in the adjoint p-adic case, these 
are precisely the spherical principal series which are generic, i.e. admit Whittakcr 
models. So CS'g(O) consists of the unitary generic spherical parameters for G(F). 

The reducibility of the spherical principal series X{x) is well-known. X{x) is 
reducible if and only if 

(a, x) e 2Z + 1, in the real case, (1.8.3) 

(a, x) = Ij iu the p-adic case, 

for all a G R. Assuming x is dominant, CS g(0) is necessarily a subset of the comple- 
ment in the dominant Wcyl chamber of f)R of the arrangement of hypcrplancs given 
by (|1.8.3|) . The region of ^r in the dominant Wcyl chamber on which all coroots 
a are strictly less than 1 is called the fundamental alcove. Moreover, any region 
in t)R which is conjugate under the affinc Wcyl group to the fundamental alcove is 
called an alcove. Since the spherical principal scries X{x) is irreducible at x = 0, 
by unitary induction and a well-known deformation argument, the parameters in 
the fundamental alcove must be in CS'g(O). 

Wc can now list the main results of [Balj and [BC1| . Earlier, for split p-adic 
groups, the spherical unitary dual in type A was determined in [Ta| . for types 
B,C,D in |BM3| . and for G2 in |Mu| . For split real groups, types A and G2 are 
part of [Volj and [Vo2| . respectively. 

Theorem f [Bal| . [BClj ). AssumeF is a p-adic field. Recall that G{¥) is a simple 
split group, O is a nilpotent orbit in g, with a fixed Lie triple {e, h, /} in q, whose 
centralizer is l{0). The spherical complementary series GSg{0) are defined in 
definition \1.8[ 

(1) A spherical parameter x = h/2 + v, ly £ ii^) 's in CSg{0) if and only if v 
is in CS ,Q\{0). There is one exception to this rule in type F4, one in type 
Ej, and six in type Eg, (tabulated in section\B\) . 

(2) C>S'g(0) is the disjoint union of 2^ alcoves in [)r, where i and the explicit 
description of the alcoves are listed in section \5.3l 



Theorem ( |Bal| ). When ¥ — R, the same description of the spherical unitary dual 
holds for split classical groups. 



In sections 15.51 and 15. 6[ we give an explicit description of the spherical unitary 
parameters for classical groups in terms of the Zelevinski-type strings introduced in 
|BM3| and |Bal| . Wc then explain, following |Bal| , how this allows one to write any 
given infinitesimal character x iu the form (jl.8.2p , and to check if it parameterizes 
a unitary representation as in the theorem above. 

For the split exceptional real groups, the same theorem is expected to hold, 
but at this point, by the correspondence relevant VK-types/petite iC-types, we only 
know that CSg{0) in the real case is a subset oiCSg{0) in the p-adic ( |Ba2[lBC2| ). 



UNITARIZABLE MINIMAL PRINCIPAL SERIES 



1.8.1. The pictures below show the set of spherical unitary parameters for 
50(3,2) (e = H(C2)) and G{R) = 5p(4,M) (H = H(B2)) respectively. In both 
cases, the set is partitioned into a disjoint union of complementary series attached 
to nilpotent G-orbits in g; the orbits are listed in the adjoint tables. Note that the 
complementary series attached to the trivial nilpotent orbit {O ~ (1, . . . , 1)) is the 
fundamental alcove. The complementary series attached to the regular nilpotent 
orbit consists of only one point, the trivial representation. 



50(3,2) 




1^2 = 



(•a 1-1 

^ 2 ' 2 ' 



^ 2 ' 2 ^ 



^ 2 ' 2 ' 



(io) 



i?-> 



(i,(J) 



0-(4) 



a =(2, 2) 



0=(2,1,1) 



a = (i,i,i,i) 



Sp{A,] 




1-2=0 



(2.1) 
• 


a = (5) 


(1,0) 
• 


a = (3, 1,1) 


(2-2) 

\ 

(1,0) 


0= (2,2,1) 


(i-i) 

(1,0) 


a-(i,i,i,i,i) 



Figure 1. Spherical unitary parameters for 50(3,2) and 5p(4, 



Note that Sp{4, M) ^ Spin{3, 2), and indeed the pictures are the same, up to the 
.ange of coordinates (j^i 
the 50(3,2) parameters). 



change of coordinates {1^1, 1^2) '-^ (' t^i+'^2 ^ '^i^'^^ -j (fj-om the 5p(4,IR) parameters to 



1.9. Now we consider the ramified principal series. If x is a ramified character of 
H(¥), recall that \ is the restriction to the compact part °H. To °x, one associates 
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the homomorphisms 

X-.O"" ^ H, when F is p-adic, (1.9.1) 

X : Z/2Z = {1, -1} -^ H, when F = M, 

defined by the property that 

Xoxiz):^ "xoA(z), zeO"" (or z e Z/2ZCM''), for aU A G 3^, (1.9.2) 

where in the left hand side A is regarded as a character of H and in right hand side 
as a cocharacter of H{¥). In the real case, the image of x can clearly be identified 
with a single semisimple (elliptic) element of order 2 in H. 
Define 

^G(x) = the centralizer of the image of x in ^G. (1.9.3) 

In the p-adic case, it is proved in |Ro| that there exists an elliptic semisimple 
element s of ^G such that the the identity component of ^G(x) equals the identity 
component of the centralizer of s in ^G. Moreover, the component group i?o^ of 
^G(x) is abelian. In the real case this is a classical result (Knapp-Stein): the group 
^G(x) is the one defined by the good roots with respect to '\, while i?o^ is the dual 
of the i?-group. (For a definition of good (co)roots, see section [^3] if F is real, and 
section [3T2] if F is p-adic.) 

Let G(°x) be the connected split subgroup of G(F) whose complex dual is the 
identity component of ^G(x). The methods described in this paper give a way to 
compare the unitary Langlands quotients of the ramified principal series ^(x) = 
Ind^Ls(x ® 1) with the spherical unitary dual of G^x)- 

Remark. One may consider the extension G(°x)' of G(°x) by the (abelian) R- 
group R a^ = R a^^ and say that a representation (tt, V) of G(^x)' is quasi- spherical 
if the restriction of tt to G(°\;) is spherical. A refinement would be to explain 
the unitarizable Langlands quotients of the ramified principal series via the quasi- 
spherical unitary dual of G("x)'> rather then the spherical unitary dual of G("x)- 

1.10. We give some examples illustrating the construction of G(°x) when x is 
ranfified. 

1.10.1. The first example is the nonspherical principal series of 5*^(2, R). Let \ 
be the sign character of Z/2Z. We can write x = °X ® I ■ T, and we assume that v 
is real. It is well-known that ^(x) is reducible when v — Q, and then it splits into 
a sum of two unitary representations L{x) = X{x) = L{x)i ® L{x)~i (the limits 
of discrete series). Moreover, i^ = is the only value of the parameter v for which 

1 



L(x) is unitary. In this case, the nontrivial element in the image of x is 1 ,-, 

in PGL{2,C). The centralizer ^G(x) has two components: the identity component 
is the diagonal H, and the other is formed by the matrices with on the diagonal. 
Then G{\) is the diagonal torus /J(IR) = M.^ , and the only unramified real unitary 
character is the trivial one. This can be formulates as: L(x) is unitary if and only 
if X is an unramified unitary parameter of G(°x)- One refines this statement by 
introducing Gi^xY- The R-group is Z/2Z, and G(°x)' = H{R) x Z/2Z = 0(1, 1), 
where the nontrivial Z/2Z element acts by flipping the diagonal entries. There are 
two quasi-spherical unitary representations of G^x)' corresponding to the trivial, 
respectively the sign representations of Z/2Z. 
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1.10.2. An example of a nontrivial character ^ for p-adic SL(2,F), p odd, is as 
follows. First set 



sgn : ¥^ -^ {±1}, sgn{a) 

Then Off = O'' , and the analog of pm|) is 

1 — >1 + V — ^O"" 



1, 
-1, 



ae(F-) 



x\2 



x^2 

9 



(1.10.1) 



(1.10.2) 



The character \ we consider is the pull back of sgn from F^ to O^ . 

Later in the paper, in section [3?2l we will define a correspondence between the 
minimal principal series for G(R) and certain minimal principal series of p-adic 
G(F), by sending the sign character of Z/2Z to a fixed nontrivial quadratic character 
°Xof O^. 

1.10.3. When G has connected center, then ^G has simply-connected derived sub- 
group, and ^G(x) is connected by a well known theorem of Steinberg. Using the 
results of |Ro| and |KL| . the Langlands classification for the ramified principal se- 
ries in the p-adic case was obtained in this case in |Re| . When G has connected 
center, G(°x)' = G{'^x) is the (endoscopic) group of G(F) we consider, and the 
intent is to match the unitary Langlands quotients of the ramified principal scries 
Ind^jJ(x (8) 1) with the spherical unitary dual of G(\). 

For example, when G = SO{2n + 1), the groups which appear as G(°x) in our 
cases are precisely the elliptic (in the sense of not being contained in any Levi 
subgroup) endoscopic split groups SO{2{n — m) + 1,F) x SO{2m + 1,F). 

1.10.4. On the other hand, when G = Sp{2n), the groups which appear are 
the split groups G(°x) = 5p(2n - 2m, F) x S'0(2m,F), and G("x)' = Sp{2n - 
27Ti,F) X 0(27n,F). When F = M, the case of nonspherical minimal principal series 
for Sp{2n,'R) is presented in more detail in sections 12.61 and [4. 7. II 

For example, consider G = 5p(4). If F = M, then "H = (Z/2Z)2, so there are 
four characters ^ of "if: °x = ^''^''^ ^ triv, triv (3 xoi Xo '^ triv, and xo <8> XO: where 
Xo = sgn. Since triv ® Xo and xo 8) triv are conjugate, there are really only three 
cases. When F is p-adic, "iJ = (O^)^. We fix a quadratic, nontrivial character xo 
of O^ , and only consider the similar three \'s: triv triv, triv (8> Xoj ^-nd Xo ® Xo 
respectively. Then we have: 



\ 


G("x) 


G("x)' 


triv ® triv 

triv (K) Xo 

Xo®Xo 


Sp{A,¥) 

Sp{2,¥) X SO{2,¥) 

50(4,F) 


Sp{i,¥) 

Sp{2,¥) X 0(2, F) 

0(4, F) 



The first case is the unramified one. The notation in the table may be confusing 
when F = R: we mean the split orthogonal groups, in classical notation, SO{n,n) 
and 0{n, n). 

1.11. Similarly to the unramified case, we define H(°x) to be the graded Hecke 
algebra for ^GC^;), and we denote by IHI'(°)(;) the extension of IHI(°x) by the dual 
R-group. (These extensions of the graded Hcckc algebra are defined in section [377| . 
Notice that if '^x is trivial, i.e. if the principal series X{x) is spherical, then 
the R-group is trivial. In this case IH['(''x) = EI(°x) is the (usual) Hecke algebra 
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H attached to the coroot system of G{¥). Also, when G has connected center, or 
more generaUy whenever the R-group of \ is trivial, IHI'("x) = Et^x). 

In the p-adic case, at least when G has connected center, the generalization of 
theorem 11.51 and of the |BM2j translation of unitarity to the graded Heckc algebra 
appears to hold. We will not consider this problem in the present paper, but we 
hope to pursue it in future work. 

The generalization of the notion of petite i^-types in [BPj provides a similar 
matching of intertwining operators for the ramified principal series of the real split 
group on one hand, with intertwining operators for the Hecke algebra ]HI(°x) on the 
other. For example, for the nonspherical principal series of SL{2, R), the only petite 
50(2)-types are the two fine K-types (section [23| . (±1). The difficulty of defining 
and computing the petite if -types for nonspherical principal series in general lies 
in the fact that one needs to capture at the same time the specifics of both the 
spherical and nonspherical principal series of SL{2, R). This is realized in [BPj . and 
we postpone the technical details until section |4l Instead we present the example 
ofS'p(4,R). 

1.12. The example of Sp(4,]R). In this example, we use the more customary 
notation S for \, and S for x (defined in II. 9p . There are four minimal principal 
series X{S,i^) {M = °i/ = (Z/2Z)2): <5o = triv ® triv, 6^ = triv (g) sgn, S^ = 
sgn (E) triv, and S2 = sgn (^ sgn. The maximal compact group is K ~ U{2), whose 
representations are parameterized by pairs of integers (a, 6), a > b. The ramified 
character x is written x = (^ "^ '^j where v = (yi, U2), v\,V2 E M. We assume that 
v\~^V2'> 0, i.e. that the parameter is (weakly) dominant. 

As in the spherical case, it is well known when X(5, v) admits an invariant 
hermitian form. Since the parameter v is assumed real, the condition is that there 
exists w ^W such that 

w • (5 = (5, and w ■ v = —v. (1.12.1) 

In the S'p(4,R) cases, all quotients L{5,i') are hermitian. 

We denote the Weyl groups of G{5) and G{Sy , by Wg and Ws respectively. For 
every if- type /i, similarly to the spherical case, one has an operator A^{S, v) on the 
space 

HomM[MU/:<5], (1.12.2) 

whose signature we would like to compute. This space carries a representation of 
Ws (and W^), which we denote as before by t/i^j. The conditions in section |4] used 
to define petite itT-types are such that this operator is the same as the "p-adic" 
operator on ?/;^ for the Hecke algebra ]HI((5) (or more precisely, the extended version 
W{5)). 

The tables with examples of petite X-types /j,, their operators y^J^(j^i, 1/2), and 
the set of unitary Langlands subquotients of minimal principal series are next. In 
the tables below, by "mult." we mean the dimension of the space (|1.12.2p . 

1.12.1. (5o = triv®triv. This is the spherical principal series. In this case ^G((5o) = 
50(5, C). We may assume t^i > z/2 > 0. Then Ws = W^ ^ W ^ W{B2). The 
representations of W{B2) are parameterized by pairs of partitions of total sum 
2. There are 4 one dimensional representations, and one two-dimensional, labeled 
(1) X (1). 
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M 


mult. 


^t,&W 


Aliv) 


(0,0) 


1 


(2) X (0) 


1 


(1,-1) 


1 


(1,1) x(0) 




(2,2) 


1 


(0) X (2) 


(l->.l)(l-^2) 
{1 + I.l)( 1 + 1/2) 


(2,0) 


2 


(1) X (1) 


m 



'l,!^2) \ 



wViPrP m — ^-!^ / ^^ + "2)1(1 + ''l) + (l- ''iX"? -"^1)1 21/1(1 -,.1) 

and c(i/i, 1^2) = (1 + t^i)(l + i^2)(l + {vi - i^2))(l + (j^i + ^2)). 

The spherical quotient L{i') is unitary if and only if 1^1 + 1^2 < 1, or (z^i,j^2) = 
(2,1). 

1.12.2. 5i = triv ® sgn and 5^ = sgn (g) triv. In this case, '^G{S^) = S[0{3, C) x 

0(2,C)], and ""GiS-) ^ S[0{2,C) x 0(3,C)], M^o± = M^(Ai) and W.± = W°± x 

°i 1 °i 

W{Ai). 

The two principal series are X{di , {vi, 1^2)) and X((5]^, (z^i, 1^2)) with i^i > 1^2 ^ 0. 

If J^i = 1^2, they have the same Langlands quotient. There is a difference however: 

in the case of S^ , the parameter vi corresponds to the SL{2) in G{6^), and 1^2 to 

the 50(1, 1), while in the case of Jf , i^i corresponds to 5*0(1, 1) and 1^2 to SL{2) 

inG(5f). 

1) We consider first 5^ and z^i > !^2 > 0. We need to distinguish between two 
cases: 

(i) V2 > 0. The Langlands quotient L{6i , v) is irreducible. The operators are as in 
the following table. 



M 


mult. 


ih^ e < 


V^M 6 Ws 


A%.) 


(1,0) 


1 


triv 


triv X triv 


+1 


(0,-1) 


1 


triv 


triv X sgn 


-1 


(2,1) 


1 


sgn 


sgn X triv 


i+i^i 


(-1,-2) 


1 


sgn 


sgn X sgn 


l + !^l 



Thus L{v) is not unitary for V2 > 0. 

(ii) 1^2 = 0. Then ^((Jj'', (i^i,0)) is a direct sum of two modules, Xi^ixi){6^, (z^i,0)) 
and X(o.-i)((5i , {1^1, 0)). The Langlands quotient is a direct sum of two irreducible 
modules, L(^i^Q-j{Sf ,{vi,0)) and L(o,-i)(^i', (j^i, 0)), distinguished by the fact that 
the former contains the i<'-type (1,0) (and (2,1)), and the latter contains (0,-1) 
(and (—1,-2)). For ui > 0, Lrim is the unique irreducible quotient of X(io), and 



/(i.o) 
£(0.-1) is the unique irreducible quotient of X(o,_i) 



(1,0), 

The intertwining operator is 



as in the table above. Thus the Langlands quotients are not unitary for 1 < i^i. 
On the other hand, ^(1,0) = -^(1,0) and X(o.-i) = L(o.-i) for < J^i < 1. At 
i^i = 0, X{6^, (0,0)) is unitarily induced from a unitary character S^ , and equal 
to the direct sum of L(i_o) and i(o._i). Thus L(i^o)(0, 0) and L(o,-i)(0, 0) are both 
unitary. It follows that i(i,o) and i(o.-i) are unitary for < i^i < 1 by the 
continuity of the hermitian form in the parameter vi . 

In this case, G{Sf) = SL{2, M) x 50(1, 1). A spherical parameter for this group, 
(i'l, 1^2) with vi on the SL{2, R) and V2 on the 5*0(1, 1), is hermitian if and only if 
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V2 = 0. The representations L{Si , [vi, 0)) are unitary if and only if the correspond- 
ing spherical L{vi) on S'L(2,R) is unitary. 

2) Now consider 5^, and i^i > i^2 > 0. The intertwining operators are as in 
the table for 5J^ above. But in this case, the Langlands quotient L{5^ ^ (^i,'^2)) is 
irreducible if and only if vi > 0, which implies that unless (1^1,1^2) = (0;0)5 the 
Langlands quotient is not unitary. At (0,0), there are two Langlands quotients, 
same as for 5^^ and they are both unitary. 

The group G((5f ) is 5*0(1, 1) ® SL{2, K), with z/i corresponding to 5*0(1, 1) and 
U2 to SL{2,R). 

The conclusion is that a hcrmitian parameter for 61 with z^i > i^2 > is unitary 
if and only if the corresponding parameter for G{Si ) is unitary. 

1.12.3. S2 = sg7i ® sgn. In this case, "^0(62) = 5[0(4,C) x 0(1,C)], and W^ = 
W{Ai) X W{Ai), Ws = W^ -A {1/21) ^ W{B2). We may assume vi > V2 > 0. 
There are two cases: 

(i) V2 > 0. The Langlands quotient is irreducible, and the operators are as in the 
table 



M 


mult. 


^^. e wl 


ij^&Ws 


A^,H 


(1,1) 


1 


triv triv 


(2) X (0) 


1 


(-1,-1) 


1 


triv ® triv 


(0) X (2) 


1 


(2,0) 


1 


sgn (gi sgn 


(1,1) x(0) 




(0,-2) 


1 


sgn sgn 


(0)x(l,l) 




(1,-1) 


2 


triv (g) sgn 
+sgn (E> triv 


(1) X (1) 


/ l-{iyi-V2) n \ 
l + iiyi-1^2) " 

V " l + (^l+^2)/ 



The Langlands quotient is unitary if and only ii < 1^2 < 1 — J^i • 



(ii) 1/2 =0. In this case X((52, (i'ljO)) is the direct sum of modules X(i_i)(i'i, 0) and 
X(_i _i)(;/i, 0). The Langlands subquoticnt is the direct sum of two irreducible 
modules i(i.i)(i^i,0) and i(_i _i)(i'i, 0), characterized by the fact that the former 
contains the X-type (1, 1) (and (2, 0), and a copy of (1, —1)), and the latter contains 
(—1, —1) (and (0, —2), and a copy of (1, —1)). For i^i > 0, Ln i)(i'i, 0) is the unique 



of X 



(-1.-1)- 



(1,1)1 
1,-1) ('^i, 0) the unique irreducible subquoticnt 
The intertwining operator is obtained by taking !^2 ^ in the table 



irreducible quotient of X(i 1), and L( 



IS 



1- 



^/d. Thus both 

_l _]^ui^i, uj (Ale iiuL uiiiLcir^y iui ± ^ ui. i-VL ui — 0, thc modulc 

X{S2, (0, 0)) is unitarily induced from the unitary character S2, so both L^j i)(0, 0) 



above. This means in particular that the operator on (1, —1) io ^.^ _ 
^(1,1) (^1,0) Etnd L(_i _i)(j^i, 0) are not unitary for 1 < i^i. At 1^1 



and L(_i _i)(0,0) are unitary. Since both A'(-i i) and X(^_i_i 



are irreducible for 
for < 1^1 < 1 follows from the 



< 1^1 < 1, the unitarity of i(i,i) and L(_i _i) 
continuity of the hermitian form in the parameter vi . 

In this case, G{S) = SO{2,2). The unitary representations L{S2, (;/i,i'2)) match 
the spherical unitary dual of this group, which in the coordinates used in this 
subsection, consists of parameters (j^i, ^2) satisfying < z^2 < 1 — J^i- 
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1.12.4. As already alluded to in the cases above, every principal series X{6i,iy) 
contains certain special K-types, called fine (see section [2?3| . They are as follows: 



So 


(0,0) 


s^ 


(1,0), (0,-1) 


52 


(1,1), (-1,-1) 



In conclusion, the matching for unitary nonspherical principal series of Sp{A, M) 
can be formulated as follows. 

Proposition. Assume that v = (i/i, v-i) is weakly dominant, and (6, v) is hermitian. 
Fix a fine K-type fi and let Li^^{d, (z^i, 1^2)) denote the irreducible Langlands quotient 
which contains the fine K-type jjl. 

Then L ^{5, {1^1,1/2)) is unitary if and only if (i^i,J^2) parameterizes a unitary 
spherical representation for the split group G{5). 

Remarks. 

(1) The spherical unitary dual for G{5) can be read from the theorems in ll.81 

(2) Even though S^ and S^ are conjugate, the corresponding unitary duals are not 
the same. This should not be surprising in view of the Langlands classification 
of admissible representations. The fact that in the classification, we must assume 
('^i,f^2) is dominant implies that {5^ t{vx,V2)) is conjugate to ((5j~, (i^J, ^)) il ^^'^ 
only if Ui = U2 = v'l = i'2- 

(3) The correspondence ((5,(1^1,^^2)) >— > {1^1,1^2) from parameters of G to spherical 
parameters of G{5) does not necessarily take hermitian parameters to hermitian 
parameters. Again in the (S-j~ example, any parameter {1^1, 1^2) is hermitian for G. 
For the factor SO{l, 1) = R^, the hermitian dual of a real character z 1— > \z\'^^ is 
z I— > |z|~''i, so the only hermitian character is the unitary one, i.e. for vi = 0. One 
of the roles of the group G{6y is to fix this problem, as well as to take into account 
that the Langlands quotient is not always irreducible. Sec also the remark in ll.9l 
For this example, G{5j^y = 0(1, 1) x SL{2,M.). The maximal compact group of 
0(1, 1) is 0(1) X 0(1), and for 5*0(1, 1) it is S'[0(1) x 0(1)]. We describe the quasi- 
spherical representations of 0(1, 1) = M.^ x Z/2Z. Explicitly we realize 0(1, 1) as 

the subgroup preserving the form J = J . The quasispherical representations 

have restrictions to 0(1) x 0(1) which consist of triv (g) triv and det ® det. The 
analogues of the X((5, v) are the two dimensional representations k^j^, given by the 
formulas 

'" M K- ("'"'" M and (" ° ']^( ^ '"'' 

(1.12.3) 
The restriction of k^-^ to 50(1,1) is the sum of the characters | ["^ and | |"''S 
and the restriction to 0(1) x 0(1) is the sum of triv ^ triv and det (g) det. The 
representation k,^-^ is irreducible for vi ^ 0, and decomposes into the sum of the 
trivial and the determinant representation for vi = 0. So the Kj^^ for z^i ^ and 
the trivial and determinant representations for i^i = can be viewed as the ana- 
logues of the L^{5,v). We can make this precise by pairing the two fine iC-types 
of X{5^ ,v), (1,0) and (0, -1) with triv ® triv and det ® det of 0(1) x 0(1) re- 
spectively. Furthermore every Ky^ is hermitian, but not unitary if vi > 0. Thus we 
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have set up a correspondence between parameters L^{di , {vi, 1^2)) for G with pa- 
rameters L0(^)((z^i, V2)) which is 1-1 onto parameters for G{5i)' satisfying ui > V2 
which matches hcrmitian parameters with hermitian parameters, and unitary pa- 
rameters with unitary parameters. The only drawback is that there is a choice in 
the matching of fine iiT-types which is not canonical. 

A similar result can be stated for b\ and ^2- We summarize this discussion in a 
proposition. 

Proposition. Let (p denote the (non- canonical) correspondence for fine K -types. 
Assume that v is weakly dominant for G. Let L^(^^^{G{6y jv) be the unique irre- 
ducible quasi- spherical representation of G{5)' which contains 4){^i)- Then: 

(1) L^{5,v) is hermitian if and only if L^(^^^{G{Sy ^v) is hermitian. 

(2) Lf^{S, {h'i,h'2)) is unitary if and only if L^r^\(G{Sy , v) is unitary. 



The two propositions 11.12.41 are indicative of the general case. The calculation 
of nonspherical petite K-types in |BP| , given here in section [H implies the "only 
if" statement of the proposition for all nonspherical principal series of classical split 
simple groups. For exceptional groups there is at least one minimal principal series 
for G = F4, the one labeled S3 in tabled] in section [2771 foi' which the unitary set is 
larger than the spherical unitary dual for the corresponding G{S3). 

1.13. We give an outline of the paper. Section 2 presents basic facts and exam- 
ples about minimal principal series of quasisplit real groups, intertwining operators, 
fine types, and R-groups. Section 3 is concerned with minimal principal scries of 
split p-adic groups and affine Hcckc algebras. Section 4 presents the idea and the 
construction of petite X-typcs, and the relation between intertwining operators 
for minimal principal series of real split groups and intertwining operators for (ex- 
tended) graded Hecke algebras. In section 5, wc record the main elements involved 
in the determination of the spherical unitary dual for split real and p-adic classical 
groups and for split p-adic exceptional groups. Section 6 has lists of parameters for 
unitary spherical representations of split groups. 

Some of the results on which this exposition is based were presented in June 2006, 
at the Snowbird conference on "Representations of real Lie groups" , in honor of B. 
Casselman and D. Milicic. We would like to thank the organizers, particularly P. 
Trapa, for the invitations to attend the conference and for their efforts in creating a 
successful meeting. This research was supported by the NSF grants DMS-0300172 
and FRG-0554278. 

2. Minimal principal series for real groups 

In this section, and in section [4l we will use the classical notation from the 
theory of reductive Lie groups. For example, if G is a real group, the Lie algebra 
of G is denoted by go a-nd the complexification by g, and a minimal parabolic 
subgroup P has the decomposition P = MAN. The set of inequivalent irreducible 
representations of a group H is denoted by H. 

2.1. Minimal Principal Series. The definitions and basic properties of minimal 
principal series can be found for example in chapter 4 of |Vo3| . 

Let G denote a quasisplit real linear reductive group in the sense of [Vo3| . The 
main case of interest in this paper is when G is the real points of a linear connected 
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reductive group split over K. Let K be a maximal compact subgroup corresponding 
to the Cartan involution 9. 

Let P = MAN be a minimal parabolic subgroup of G (a Borel subgroup), and 
H = MA be the Cartan subgroup. The group M is abclian, because G is quasisplit. 
(If G is split, then M is a finite abclian 2-group.) The Iwasawa decomposition is 
G = KAN. One identifies a*(= a) with A via 

ly^e", (e'')(a) ==exp(i^(loga)), i^€a*,a€A. (2.1.1) 

For every irreducible representation {S, V ) of M, and every element i^ of a, we 
denote the minimal principal series by 

X{S, ly) := Ind^ANiS ® e" ® 1). (2.1.2) 

(Ind denotes normalized induction.) The X-structure of X(5, v) is easy to describe: 

(1) The restriction of X{5, v) to K is 

X{6,u)\K^lnd'^i{5). (2.1.3) 

(2) For every X-type {fi,Efj^), one has Frobenius reciprocity 

HoniK (m, X{6, i^)) = HomM (m|m, <^) ■ (2.1.4) 

Definition. A representation (tt,V) of G is called spherical if tt has fixed vectors 
under K. The minimal principal series X{v) :~ X{triv,v) is called the spherical 
principal series. 

2.2. Denote by 

A(0, [}) the set of roots of [} in g, (2.2.1) 

A"'"(0, [}) the set of roots in A(g, ()) whose root spaces lie in n, 

A the set of restricted roots of a in g, 

A the reduced roots in A, 

A^ C A the restricted roots whose root spaces lie in Uq. 

If G is split, then A = A. The Weyl group of A is 

W = Ng{A)/A^Nk{A)/M. (2.2.2) 

A root in A(0, (}) is called real if 9a = —a. It is called complex otherwise (recall 
that G is assumed quasisplit). A root in A is called real if it is a restriction of a 
real root in A(g, ())), or otherwise it is called complex. When G is split, all roots 
in A are real. 

For every a S A, define 

Oq = the kernel of a on Oq, with (2.2.3) 

^" = the corresponding connected subgroup of G, 

M"yl" = Zg(^"), where the Lie algebra of M" is 

mg = the algebra spanned by mo and {Eca root vectors : c > 1}, 

K" = RDM". 

When the root a G A is real, this gives rise an S'L(2)-subgroup 

G" = K"A"N" ^ S'L(2, M) (2.2.4) 
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as follows. Let 

(/)„: s;(2,M)^0o (2.2.5) 

be a root homomorphism such that Hq, = K^ -. I G Qq, and E^ :=(/)„ 

is an a-root vector. Then G" is the connected subgroup of G with Lie algebra 
0(sZ(2,R)). 

We will need the following notation later: 

Z^:=E^+e{E^)^l'^ (2.2.6) 

a a '■— cxp i—Za] G if" is a representative of Sq in Nk{A) 

iTia := cTq G a/ an element of order 2. 
When G is split semisimple, the elements iria generate M. 

2.3. Fine if -types. We will only recall the properties of fine M -types and fine 
K -types that we need later (for a general definition see chapter 4 of |Vo3j ) . 

The number of fine M-types is directly related to the disconnectedness of Af . 
The two extreme cases are as follows. 

(1) If G is a split semisimple group, then any Af-type is fine. In this case, a 
if -type is fine if and only if 

the eigenvalues of ii{iZa) are in {0, ±1} for all (real) a. (2.3.1) 

(2) if G is a complex semisimple group, then only the trivial A/-type and the 
trivial A'-type are fine. 

If /U is a fine if -type containing the fine Ai-type (5, then /i is minimal (in the sense 
of [Vo3j ) in the principal series X{5, v). 

The number of fine A'-types containing a given fine Ai-type is related to the 
R-group of 5, which we now recall. 

Definition. Define A^ to be the subset of roots a in IS. such that either a is complex, 
or, if a is real, then 5{ma) ~ 1. One calls As the good roots with respect to S. Let 
^A = {d : a G A} be the set of good coroots. 

If 6 is fine, then A^ is a root system. We denote the corresponding Weyl group 
by W^ = W{As). We also set 

Ws^{weW:w-S^S} (2.3.2) 

VJi U 111 VV J. AJCt i-^ 



(the stabilizer of 6 inW). Let A^ = A+ n A5, and similarly define "^ Aj . Then 



(1) Wg is a normal subgroup of Ws, and 

Ws = W^ X R^s 

with i?| = {it; G W: w^AJ) = ^A|}. Note that R$ is contained in the 
Weyl group generated by the reflections through the roots perpendicular to 
p{As). Since these roots are strongly orthogonal, R^ is an abelian 2-group. 

(2) The quotient 

Rs - Ws/W^ (2.3.3) 

is a finite abelian 2-group (isomorphic to Rf). We call Rs the R-group of S. 

(3) If G is connected semisimple (and has a complexification), then we can 
identify Ws with the stabilizer of the good co-roots for S: 

Ws^{we W: w^As) = ""As}. 
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Theorem ( [Vo3] . 4.3.16). Let 5 he a fine M-type. Set 

A{S) = {fi fine K-type such that HoniM (a^ | a/ , <5) 7^ {0}}- (2.3.4) 

Then 

(1) A{5) ^ 0. 

(2) If ji G A{5), then ii\nj = fln S' . In particular, fi appears with multiplicity 

S'ew-s 
one in X{5, v). 

(3) There is a natural simply transitive action of Rg on A{5). 

{Rs is a group, because Rs is abelian.) For the action of Rg on K, and in particular 
on A{5), we refer the reader to 4.3.47 in [Vo3| . Notice that the cardinahty of 
Rs equals the number of fine -ftT-types containing 5 (as well as the number of fine 
A'-types contained in X{5, v)). 

Examples, (a) If G = S'L(2,M), then K = SO{2) and M = Z/2Z. There are two 
Af-types triv and sgn, and they arc both fine. 

If 5 is trivial, then As ~ A, Rs ~ {1} and X{S, v) contains a unique fine 50(2)- 
typc {[I ~ (0)). If (5 is sign, then As = %, Rs = Z/2Z and X{5, v) contains two fine 
S'0(2)-typcs, namely (+1) and (-1). 

(b) If G = 5i(2,C), then A' = 51/(2), and A/ = | T^ ^^,J : 6* e mI = [/(I). 

So M = Z, but (by definition) only the trivial Af-type is fine. If ^ = triv, then 
As^A and #i?5 = 4^A{5) = 1. 

(c) If G = 51/(2, 1), then K = S{U{2) x 1/(1)), and M = U{1). Again Af ^ Z, 
but (by definition) only the trivial A/-type is fine. If (5 = triv, then fj^Rs = ifA{S) = 
1. 

2.4. Subquotients of Principal Series. Let 5 be a fine Af-type and let A{S) be 
the set of fine iiT-types in X{6, v) from theorem 12.31 Since every /i G ^((5) appears 
in X{8, v) with multiplicity one, there is a unique irreducible subquoticnt of X((5, v) 
which contains [i. We set 

L(6, v)i^[i) ~ the unique irreducible subquoticnt of X{5, v) containing /i. (2.4.1) 

In general, L{5,v)[ijl) may contain other fine /-f-types (other than /i). 

Definition. Define 

W{v) = {w(^W:wv^v}, (2.4.2) 

Ws{v)^w{v)r]Ws, wl{v) = wlr\W{v), 

Rs{iy)^Ws{v)lW^s{v)^Rs, 

RsH = {xeRs: x{r) - 1, for all r G Rs{iy)}. 

Theorem ( |Vo3| ) . Assume /j, G A{S). 

(1) Two subquotients L{5,iy){pL) and L[5,v'){p) are equivalent if and only if 
there exists w G Ws such that v' = wv. 

(2) Every irreducible {g, K)-module containing the K-type fi is equivalent to a 
subquoticnt L{5, v){^i) for some v & a* . 

(3) Let fi' G A{S) be another fine K-type. Then L{5, v){lJ-) = L{5, v){^') if and 
only if ji and /i' are conjugate by an clement of Rf{y). 
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2.5. A parameter z/ e a* is called weakly dominant (respectively, strictly dominant) 
if 

(sR(i^),d} > (respectively, (5R(z^),d) > 0), for all a e A+. (2.5.1) 

An important consequence of theorem [ 



Corollary. // ^(v) is strictly dominant, then there exists a unique irreducible sub- 
quotient which contains all fine K -types in A{S). 

On the other hand, when v is purely imaginary (K(i^) = 0), every fine K-type 
in A(6) parameterizes one constituent of X{d, v) (a result obtained first by Knapp- 
Stein): 

Theorem (Knapp-Stein). If i/ E a* is purely imaginary, then 

X{5,v)^ X\5,v), (2.5.2) 

?=i 

where AT* (J,;/) are irreducible and inequivalent subrepresentations. Moreover, each 
A* ((5, u) contains some fine K-type fi £ A{S). 

The trivial K-type is the only fine A'- type in A{triv), so every spherical principal 
series X{i') = X{triv,v) has a unique irreducible spherical subquotient L{v) ~ 
L{triv, z^)(0). In particular, the spherical principal series X{i/) is irreducible for all 
v purely imaginary. The original proof of this result is due to Kostant. 

2.6. An example: Sp{2n,R). Let G be the split group Sp{2n, R). Then K ~ 
U{n) and M ~ Z^. Let 

A+ = {e, ±ej -.i, j ^l...n,i< j} U {2e; ■.l^l...n} (2.6.1) 

be the set of positive roots. Note that every root is real. The Weyl group Vt^ = 5„ xi 
(Z/2Z) acts as the group of all permutations and sign changes on {ei, £2 ■ • ■ ^n}- 
The abelian group M has 2" irreducible inequivalent representations, all of the 
form 

Ss- diag(Ai, A2,..., A„, Ai, A2,..., A„) ^ J]^ Aj (2.6.2) 

for some S C {1, ■ ■ ■ ,n}. Because G is split and semisimple, every M-type is 
fine. The Weyl group partitions M into {n + 1) conjugacy classes; we choose 
representatives : 

Sf) = Sf, and (2.6.3) 

Sp == S[n-p+i,n-p+2 n} for l<p<n. (2.6.4) 

We compute the number of irreducible subquotients of X(6i, v), for all i = . . .p. 

60 is the trivial representation of M, so A^^, = A, W^^, = Wg = W and Rs^ = 
{1}. Since there is a unique fine A'-type containing So, the principal scries X{So, i^) 
has a unique subquotient L^v) — L{So,i'){0). 

Now assume 1 < p < n. To identify the good roots for 6p, we need to evaluate 
Sp on the elements m^s. For every (positive) root a, write 



Too 



exp(27ri||a|| ^Ha) = diag(di, ^2,.. ■,d„, di, d2,... ,d„). 
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Notice that the entries of nia are 1, with the exception of di = dj 



-life 



eiicj, 



and dfe = — 1 if a = 2ek. Hence we find: 

+1, if either l<i<j<n — p or n — p+l<i<j<n 
— 1, otherwise 



Spim^,±ej) 



and 



Spim2eJ = 



P 



(2.6.5) 
(2.6.6) 



-1, HI <k<n 
-I, otherwise. 
The good roots for Sp are 

As^ = {±ei ± ej}i<i<j<„-p U {±2ek}i<k<n-p U {zbe^ ± ej}n-p+i<i<j<n- (2.6.7) 
For brevity of notation, set Co=Dq=Di=% and Ci=Ai. Then 

Wl = Cn-p X Dp Vp = 1 . . . n. (2.6.8) 

Next, we compute the stabihzer of Sp. RecaU that Ws can be identified with 
the subgroup of Weyl group elements that preserve the good coroots for 6p. Every 
permutation and sign change on the sets {ei . . . e„_p} and {e„_p+i . . . e„} has this 
property. Hence 

Ws^=Cn^pXCp forallp^l,--- ,n. (2.6.9) 

Note that, for all p = 1 . . . rt, Wg is a normal subgroup of Ws of index 2. 
Because Rs ~ Z/2Z, Sp is contained into two distinct fine JiT-types (notably Ap(C") 
and its dual), which we denote by Hg and ^J . 

Finally, we give the Rs (i^)-group. Write v = (ai, 02, ... , a„) with 

ai > 0-2 > ■ ■ ■ > an-p > an-p+i > ■ • • > «« > 0. 

Then 

{1} if ^ {a„_p+i,. .. ,a„} <:=> a„ 7^ 

^ Z/2Z if e {a„_p+i, . . . , a„} 4^ a„ = 0. 
We conclude that 

• If the last entry of v is nonzero, then the principal series X{Sp,i>) has a 
unique irreducible subquoticnt L{S, i^){fJ.s ) = L{S, i'){fJ.J )■ 

• If the last entry of ly is zero, then the principal scries X{Sp,i') has two 
distinct subquoticnts L{S, v){^'l ) ^ L{S, v){ii^ ). 

2.7. Lists of fine iiT-types for split groups. For the convenience of the reader, 
we record a list of examples of fine A/-typcs, fine if -types, R-groups and sets of 
good roots for split simple linear groups. For brevity, we do not include the trivial 
Af-type, and we only give one fine Af-type for each orbit of W in M. We list, 
instead, all the fine if -types containing a given fine Ai^-type. 

Table 1: Table of fine types 



RsM 



(2.6.10) 



Group 


Fine i\i'-type 5 


Fine Tf-types 


i?i-group 


As 


SL{2n + l,W) 


Sp, 1 < P < "- 


A" {£''"+') 


1 


Ap-l + A2n~p 


5'L(2n,R) 


Sp, 1 < p < n 


AP(C^") 


1 


Ap-l + A2n-p-l 




s„ 


A" (€"")+ 
A"(C2")_ 


Z/2Z 


A„-i +A„^i 
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Sp(2n, R) 


5p, 1 < p < n 


A''(C"), A''(C")* 


Z/2Z 


^n—p n" i^p 


SO{n+l,n) 


Sp, 1 < p < n 


1®A''(C") 


1 


Bn-p + Bp 


SO{2n + 2,2n + 1)(, 


Sp, 1 <P <n 


1®AP(C^"+^) 


1 


B2n+l-p + Bp 


SO{2n + l,2n)o 


5p, 1 < p < n 


1®A''(C^") 


1 


B2n-p + Bp 




5„ 


l®A"(e")+ 
1®A"(C2")_ 


Z/2Z 


Bn + Bn 


SO{2n + l,2n + l)o 


5p, 1 < p < n 


1®AP(C^"+^) 


Z/2Z 


D2n+l-p + Dp 


SO{2n, 2n)o 


^p 1 1 < p < n 


1®A''(C^") 
A''(C2") ® 1 


Z/2Z 


D2n-p + Dp 




Sn 


1®A*'(C"")+ 
AP(C2")+(8)1 
1®A''(C"")_ 
A^iC"")- ® 1 


Z/2Z X Z/2Z 


D„ + D„ 


G2 


S3 


V3®C 


1 


Ai +Ai 


Fi 


S3 
S12 


(210,0,0) 
(111,0,0) 


1 
1 


C4 
B3+A1 


Ee 


S27 
S36 


2ijJi 


1 
1 


D5 

A5+A1 


E7 


S28 
S36 

Ses 


UJ2, 0J6 

2u}i, 2uj7 

iOi + UJ7 


Z/2Z 

Z/2Z 

1 


Ee 

A7 

De + Ai 


Es 


S120 
S135 


U)2 

2aJi 


1 
1 


E7 + A1 
Ds 



We explain the notation in the table. 

(1) If G is a split simple linear group of classical type, the group M consists of 
diagonal matrices. We have denoted by Sk the character of AI that maps 
an element m of M into the product of the last k diagonal entries of m. 

(2) If G is a split simple linear group of exceptional type, Sk denotes the char- 
acter of AI that has a fc-dimcnsional orbit under the action of the Weyl 
group. 

The group ii' is a maximal compact subgroup of G, as follows: 



G 


K 


SL{m,R) 


SO{m) 


Sp{2n, R) 


U{n) 


SO{p,q) 


S{0{p) X 0{q)) 


SOip, q)o 


SOip) X SO{q) 



G 


K 


G2 


SU{2) X SU{2)/{±I} 


Fi 


Sp{l) X Sp{i)/{±I} 


Ee 


Sp{A)/{±I} 


Ej 


5[/(8)/{±/} 


Es 


Spin{l&)/{I,w] 



The notation for the maximal compact subgroup when G = Eg, means that K is 
a quotient of 5*^171(16) by a central Z/2Z, not equal to 50(16). For all n, we denote 
by C" the standard representation of SO{n), 0{n), SU{n) and U{n). We write 
V3 for the three-dimensional irreducible representation of SU{2) (on the space of 
homogeneous polynomials of degree 2 in 2 variables). The fine iiT- types of Eq, Er 
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and Eg are described in terms of fundamental weights; the ones of Fi are described 
in terms of standard (Bourbaki) coordinates. 

Remark. For the purpose of computing intertwining operators on principal series, 
we need to fix a priori a fine K-type fis containing S. If the cardinality of A{S) is 
not one, the choice of fis is not canonical; we choose: 



G 


S 


US 


SL{2n,R) 


6n 


A"(C^")+ 


SO{2n+l,2n)o 


Sn 


l(g)A"(C^")+ 


SO{2n+l,2n+l)Q 


Sp{l<p<n) 


1®AP(C^"+^) 


SO{2n,2n)o 


5p{l<p<n) 


10AP(C^") 


SO{2n,2n)a 


Sn 


1(K)A"(C^")+ 


E7 


S28 


W2 


Er 


S36 


2wi 



This choice of fj,s will be used to define the full intertwining operator in section 
\2.8\ the Ws -representation in section [4-^ and the bijection between Rs and A{S) in 
sections\2.9\ and\. 



2.8. Intertwining operators. We recall some basic facts about intertwining op- 
erators for minimal principal series of real groups (see chapter 7 of [Kn| for more 
details) . 

Fix an M-type 5 and a character v of A, and let X{5, v) be the minimal principal 
series induced from P = MAN. Denote by P = MAN the opposite parabolic. For 
every w € W, one defines a formal intertwining operator 



A{w,S,iy): X{d,iy) 
iA{w,S,,y)F)ig)^ 



X{wS,wi'), 

F(gwn) dfi, g & G. 



(2.8.1) 



iNn{wN} 

Formally, the integral defines an intertwining operator, but it may not converge for 
general i'. 

2.8.1. The intertwining operator A{w,S,i') can be decomposed as follows. (This 
is the Gindikin-Karpelevic decomposition.) 



Proposition. Assume that w ~ W1W2, with £(w) — £{wi)i{w2) 
A(w, S, v) ~ A{wi, W25, W2v) o A{w2, 5, v). 



Then 



(2.8.2) 



Corollary. If w ~ si ■ S2 s„i is a minimal decomposition of w as a product of 

simple reflections, then A(w, S, v) factors as 

■ A{Sjn,WmS,Wmiy), (2.8.3) 



A{w, S, v) = A{si, wiS, wiv) ■ A{s2, W2S, W2v) ■ 
where Wk = Sk+i . . . Sm, for all I < k < m. 

If 

(K(i^),/3) > 0, for every root /? e A+ such that w/S ^ A+, (2.8.4) 

then the integral in (|2.8.ip is actually convergent. This is proved using the decom- 
position (|2.8.3p and an investigation of the rank one cases (we will make this more 
precise below). 
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2.8.2. For every i^-type (/iji?^), the intertwining operator A{w,S,iy) induces an 
operator 

A^{w,S,i'): Honiif (/i, X((5, 1')) — > RomK {fJ.,X{wS,wi')) . (2.8.5) 

By Frobenius reciprocity (|2.1.4[) . this can be regarded as an operator 

A^{w,d,i'): Homj\/(/i, (5) — > Homjv/(/i, wJ). (2.8.6) 

Via (|2.8.2p . ^^(w, S, v) also acquires a decomposition into factors corresponding to 
simple reflections. Let A^{sa, 5, v) be such a simple reflection factor. 

Remark. The operator Afj^{s a, S, v) forG agrees with the operator A ^^^^^^ {sa, <5, t'la") 
for the real rank one group MG"'. 

More precisely, if G is split, 

/i = <„ (2.8.7) 

is the decomposition of the iiT-type /i into isotypic components of isT" ~ 50(2) 
(X" = Z), then the decomposition 

HomM(Ai, '5) = HomM(Ai^. + M^™, <5) (2.8.8) 

men 

is preserved by A^{sa,8, v). Moreover, the restriction of A^(sa, (5, v) to Homj\f (^"j + 
M-m) coincides with the operator A^a +^a (s^,, (5, i/|aa) for MG". 

2.9. Reducibility. We discuss the reducibility of the principal series X{S, v). 

Assume that ^(y) is weakly dominant with respect to A^. The first instance in 
which X{5^ v) becomes reducible is when the R-group Rs{i') is nontrivial. 

Partition the restricted roots according to their inner product with 5R(i'): 

A = Al U A+ U A^ 
with 

AL = {ae A: (K(zy), a) = 0}, 
A+ = {ae A: {'R{v), a) > 0}, 
Ay = {ae A: {^{1^), a) < 0}. 

The set A^ is a root system, and A+ = A J U A^. 

Denote by L the centralizer of K(j^) in G. This is a Levi subgroup containing the 
Cartan AIA, with Lie algebra Iq = mo ® Oq © (©^gA 0") • Define the parabolic 

subgroup Q ^ LUoiG with Lie algebra qo = mo® ao® (0„g ^i. fl") ® (® qg A+ 0" 
The following lemma is induction by stages. 

Lemma. X{6, v) = fndp((5 ®v) ^ Ind^^ (lndp(5 ®v)®l 

Note that v is imaginary for L, so in parenthesis we have unitary induction. 
By the results presented in section [2^ the unitarily induced module Indp((5 ® v) 
decomposes as the direct sum of ^Rs{i') irreducible incquivalent representations of 
L. Let 

X{S,iy)^ X^S.iy) (2.9.1) 

reRsii^) 

be the corresponding decomposition of X{S, v). 
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Recall that Rs acts on the set of fine A'-types A{5) simply transitively (theorem 
. Implicit in (|2.9.ip is the fact that we fixed a particular fine ii'-type ^s- This 
gives a bijection between Rs and A{5): r £ Rs ^^ jJt-s.r, where ^s,o = fJ-s- 

The fine A'-types occurring in X^{6, v) form an orbit under the action of R\(y) 
on As{v). 

Let /i be a A'- type which occurs in X((5, v). The space 

Hom^ (/i, X{8, v)) ^ HomM(A*, 5) (2.9.2) 

carries a representation of Ws- Identify Rs with i?^, so that Ws = Wg x Rs, and 
regard Honiif {^,X{5,v)) as a /J^-module (by restriction). 

Because Rs{v) C Rs and Rs is abelian, we can regard Rs{v) as a subset of 
i?5, and restrict Honi/^ (/i,X((5, z^)) to Rsii'). The i?5(z^)-module structure on 
Homif {^,X{6,i')) is compatible with the action of Rs{v)^ on A((5). 

Proposition. Let r he an element of Rs{i'), and let fi be a K-type containing S. 
Identify Rs{v) with its double dual. Then: 

Hom/^ (^, ^'■(5, v)) = Hom^^^ (r, Hom/^ (^i, X(<5, v))) . (2.9.3) 

2.10. A second way in which X{S,v) becomes reducible is when the operator 
A{wQ,d,iy) has a nontrivial kernel. Let wq = si • S2 Sm be a minimal de- 
composition of Wq , and let 

Tn 

A{wo, S,i^) = Y\_ A{si,WiS, Wiv) 

be the factorization of A(wq, (5, v) (as in section [^?5| . Then A(wq, (5, v) has a non- 
trivial kernel if and only if one of its factors has. 

Proposition (c/. jVo3| . 4.2.25). The long intertwining operator A{wo,S,h') has a 
nontrivial kernel if and only if there exists a simple root a G A such that Re{a, v) ^ 
and Indp ((5, v) is reducible. 

This proposition reduces the question of finding the kernel of the long inter- 
twining operator to a similar question for rank one groups, where the answer is 
known. If G is split, the only rank one root subgroup that appears is S'i(2,M), and 
the answer is particularly simple. (The operators for 5*^(2, R) are given in section 

mn) 

Corollary. Assume that G is split. Then the operator A{wq,5,v) has a kernel if 
and only if there exists a simple (real) root a G A such that 

{a, v) ~ k, for some integer fc 7^ 0, and (2.10.1) 

<5(m„) = (-l)^-+i. 

The parity condition means that {a, v) should be an odd integer if a £ A^, and an 
even integer otherwise. 

For split groups, rcducibility can only occur in the two instances described above. 
We summarize this in the next statement. 

Theorem. Let X{5,v) be a minimal principal series for a real split group. Then 
X{5, v) is reducible if and only if 

{i) the R-group Rs{v) is non-trivial and/ or 
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{ii) there is a simple root a such that the inner product {a, v) is a non-zero 
integer k, and 

5{m^) = (-1)^+1. 

Example. If G = 5'L(2,]R), then 

X{triv, v) is reducible at (a, v) G {±1, ±3, ±5, . . . }, (2.10.2) 

while 

X{sgn, v) is reducible at (d, v) e {0, ±2, ±4, . . . }. (2.10.3) 

The point of reducibility (d, v) = for X{sgn, v) comes from the R-group: Rsgn{^) = 

Z/2Z. 

2.11. Langlands quotient. We look at the connection between intertwining op- 
erators and Langlands classification. Let wq £ W he the long Weyl group element 
and 

A{wo,6, v) : X{5, v) — > X{wo ■S,wo- v) (2.11.1) 

be the long intertwining operator. We choose a fine X-type jjls G A{5). Since jig 
has multiplicity one in X{5^ v), the operator A^^ (wq, 5, v) is a scalar function of v. 
We normalize A{wq, S, v) by this scalar, and denote the resulting operators by 

A'{wo, S, v) and A'^{wo,5, v). (2.11.2) 

SoA'^^{wfi,5,v)^l. 

Theorem (Langlands, Milicic). Assume ^{u) is weakly dominant with respect to 

A+. 

(1) The operator A' {wq^ 6, v) has no poles. 

(2) The (closure of the) image of A' {wq,5,v) is the Langlands quotient L{5 , v) . 
This is the unique largest completely reducible quotient of X{5,v). When 
5R(i') is strictly dominant, L{S, v) is irreducible. 

The connection between this classification and fine ii'-types can be formulated 
as follows. 

Corollary. Assume SR(i^) is weakly dominant with respect to the roots in A+. Ev- 
ery irreducible summand U[S,u) of the Langlands quotient L{5^v) is of the form 
L{d, i'){iJi) for some fine K-type ^ £ ^(^)- 

If "^{v) is strictly dominant, then L{5,v)\k contains all the K -types in A{5) 
(each with multiplicity one). 

2.12. Hermitian forms. Assume for this section that 5R(i/) is strictly dominant 
with respect to the roots in A+. We use the results in section l^^ to define Hermitian 
forms and investigate the unitarity of the (irreducible) Langlands quotient L(S, v). 
The following result is based on the fact that the Hermitian dual of L{5, v) is 
L{5,-V). 

Theorem (Knapp-Zuckerman). Let X{5,v) be a minimal principal series induced 
from P. Assume that 5R(i/) is strictly dominant with respect to A"*" and let L{5, v) 
be the irreducible Langlands quotient of X{5,v). Then 

(1) L{5, v) admits a nondegenerate invariant Hermitian form if and only if 

Wo ■ 6 = 6 and wq ■ v = —v. (2.12.1) 
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(2) If L{5,v) is Hermitian, choose an isomorphism t : wo-6 ^ S, and construct 
the operator 

Aiwa,S,iy)^ToA'{woJ,v). (2.12.2) 

Let { , )h denote the pairing between the module L{5,v) and its Hermitian 
dual. Then the Hermitian form on L(S, v) is given by 

{x,y) := {x,A{wo,S,v)y)h for all x,y ^ L[5,y). (2.12.3) 

(Note that there is an implicit choice of the normalization, dictated by A' (wq^ 5, v).) 

Fix a fine X-typc ^s containing 5. We can identify the representation space V 
of 5 with the isotypic component of (5 in /i^, and define 

r = ^is{wo). (2.12.4) 

Remark. If ^{v) is dominant and the Langlands quotient L[5^v) is Hermitian, 
then L(5, v) is unitary (or unitarizable) if and only if the invariant Hermitian form 
in \2.12.S\) is positive definite. 

Because L{8,v) is the quotient of X{5,v) modulo the Kernel of the operator 
A' {WjS,!^), the form onL{5,v) is positive definite if and only if the operator A' (w, 5, u) 
is positive semidefinite on X{5,v). 

Restricting the attention to the various .ftT- types in X{5,i'), one obtains the 
following criterion of unitarity. 

Corollary. // 5R(t^) is dominant and the Langlands quotient L{S, v) is Hermitian, 
then L{5, v) is unitary if and only if the Hermitian operators 

A^,{w,5,v) (2.12.5) 

are positive semidefinite for all K -types fi appearing in X(S, v). 

Remark. // 5R(i^) is weakly dominant, the Hermitian condition in \2.12.1\) can be 
replaced by: 

w ■ Q = Q, w ■ S = S and w ■ v = —V, (2.12.6) 

where Q is the parabolic subgroup of G defined by v, as in section [273[ Note that the 
Langlands subquotient L{5, v) might be reducible. Equation 112.1 2. S\) defines a non 
degenerate invariant Hermitian form on every irreducible constituent of L{5,v), 
i.e. on every irreducible subquotient of X{5,v). Note that the form on L{S,i')(tt) 
is normalized so that it takes the value gTr[w] ~ ±1 on the fine K-type tt (see 
section \4-.2^ . Every operator Af^iw, 6, ly) has a block corresponding to L{5,v){ti). If 
Q-„[w\ = 1 (respectively Qt:[w\ = —1), the subquotient L{6,i>){t:) is unitary if and 
only if this block is positive semidefinite (respectively negative semidefinite) for all 
K -types fi. 

For practical purposes the unitarity criterion stated above is used mainly to 
prove that a given Hermitian L{5, v) is not unitary, unitarity being proven by other 
methods. 

The idea of petite A'-types is to give a small set of /\ -types on which the operator 
Afi{wT5,v) is computable, and these computations are sufficient for ruling out all 
nonunitary L[5, v). Before looking at the general case in sectional we will present 
some examples of real rank one cases, where this idea will already become apparent. 
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2.13. Real rank one. In view of theorem 12.41 and remark [2.8.21 it is of particular 
importance to have the formulas for the intertwining operators for real rank one 
groups. These are known (see |JWj and the references therein). We give three 
examples. Assume that v is real and weakly dominant for the spherical cases 
below, and strictly dominant for the nonspherical one. 

(1) G = 5L(2,R). 

(a) d — triv, normalized on (Iq: 

^..(..,^-,-) = n||^{|^{^; (2.13.1) 

(b) 6 ~ sgn, normalized on /.ii; 

A^,,^,{s^,sgn,,y)=sgn{k) [] J-^^i \ - (^.13.2) 

For all keZ, fik denotes the character e*" >-^ e'=*'' of K = SO{2) ^ U(l). 

(2) G = SL(2, C) and S = triv, normalized on /xq: 

A^,{s^,tTiv,v)^f{^-—p^ (2.13.3) 

For all fc G N, /^fc denotes the (fc + l)-dimensional representation of SU{2). 
From corollarv 12.121 and the calculations above, one concludes that: 

• If G = S'L(2,R) and 5 = triv, the Langlands quotient L{triv, v) is unitary 
if and only if < (a, v) < 1. The spherical petite ii'-typcs for G ~ SL{2, M.) 
are fiQ and fi2- They have the property that L{triv, v) is unitary if and only 
if the operators A^{sa, triv, u) are positive semidefinite for /i G {/xg, ^2}- 

• If G = SL{2,M.) and 5 = sgn, the Langlands quotient L{sgn,v) is never 
unitary for v > Q. The nonspherical petite if-types for G = SL{2,M.) are 
/^i and H-i. They have the property that L{sgn, v) is unitary if and only 
if the operators A^{sa, sgn, v) are positive semidefinite for /i G {/ii, /^-i}- 

• If G = 5i(2,C) and 5 = triv, the Langlands quotient L{triv, v) is unitary 
if and only if < {a, v) < 1. The spherical petite A'-types for G = SL{2, C) 
are //q and /^i. They have the property that L{triv, ly) is unitary if and only 
if the operators Ap,{sa,triv, v) are positive semidefinite for fi G {/^OiMi}- 

3. Graded Hecke algebra and p-ADic groups 
3.1. Split p-adic groups. As in the introduction, denote by 

F a p-adic field of characteristic 0, (3.1.1) 

O the ring of integers in F, 

V the unique prime ideal in O, 

¥g the residue field with q elements. 

Let G denote the F-points of a connected reductive linear algebraic group with root 
datum {X, R, y, R), split over F, and let B be the Borel subgroup, H ^ (F^ )rankG 
the Cartan subgroup, K = G(0) the maximal compact subgroup, '^H = H Ci K = 
^QxyankG ^j-^g compact part of H as in section fOI We also fix an Iwahori subgroup 
X C K oi G as defined in section 11.31 
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Let X' H ^ C^ be a character. Recall that x is unramificd if x\"h ~ Ij and 
otherwise x is called ramified. The minimal principal series X(x) is defined by 
induction, similarly to the one for real groups. It has a finite composition series 
and, if x is unramificd, it contains a unique irreducible (A'-)spherical subquotient. 
Every irreducible spherical module appears in this way. However, unlike the case of 
real groups, not every irreducible G-rcprescntation can be realized as a subquotient 
of a minimal (ramified or unramificd) principal series. 

A remarkable feature of the representation theory of p-adic groups is the that 
it is often controlled by affine Hecke algebras. This approach originated with the 
seminal work of Iwahori-Matsumoto ( jIMj ). Borel ( |Bo| ), and Casselman f |Caslj ). 

Definition. The Iwahori- Hecke algebra JiiG j jX) is the algebra of X-biinvariant 
complex locally constant functions on G with the convolution. Define the category 
C(I, triv) of (admissible) representations of G which are generated by their Iwahori 
fixed vectors. 

Iwahori-Matsumoto have determined the structure of TL{G/ /X) by a set of gen- 
erators in correspondence with the affine Weyl groups. We will instead the set of 
generators and relations introduced first by Bernstein. The Iwahori-Hecke algebra 
is a specialization of the affine Hecke algebra Ti which we define now. Let z be an 
indeterminate (which can then be specialized to g^^^). Then Ti is an algebra over 
C[z,z~^] generated by {T^}^(zw and {Ox^xey-^ subject to the relations 

TyjTw' = Tyjyji{l{w) + l{w') = l{ww')), 

^x"y ^x-\-yi 

T^ = {z^-l)T, + z\ (3.1.2) 



where a denotes a simple root, and s is the corresponding simple reflection. 

Theorem. (1) (Borel) There exists an equivalence of categories 

C{X, triv) — ^ n{G//X) -modules, V t-> V'^ . (3.1.3) 

(2) (Casselman) Every irreducible subquotient of the unramificd principal series 
X{x) is in C{X,triv), and every irreducible object in C{X,triv) has this 
form. 

As explained in section II. 3i this approach has proven successful towards the 
determination of the unitary dual as well. By |BM1[ IBM2J . one reduces the de- 
termination of the unitary representations in C{X,1) to that of the unitary dual 
of 7i(G//X), and furthermore to the similar problem for the graded Hecke algebra 
(section [3. 3p introduced in |Lul| . 

3.2. The Borel-Casselman correspondence was vastly generalized in [HM| . and in 
the theory of types f |BK| and the references therein). Hecke algebra isomorphisms 
as in part theorem l3.1l (l) are constructed for many categories of representations of 
p-adic groups. The Iwahori subgroup X is replaced by an arbitrary compact open 
subgroup J, and the trivial character triv of X is replaced by a character p of J. 
Then one deflnes the category C{J,p) of representations of G which contain p in 
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their restriction to J, and are generated by the p-isotypic component. The Iwahori- 
Hecke algebra is replaced by the algebra 7i(G// J, p) of (locally constant) complex 
functions / on G, such that /(J15J2) = p(ji)/(.9)p(J2), for all g G G,ji,J2 e J- 

In relation to section[2l of particular importance to us will be the case of ramified 
minimal principal scries. The following definitions should be compared with those 
for real groups in section [21 

Let A denote the root system determined by H and G, A+ the positive roots 
given by B. Let W be the (finite) Weyl group of A. Fix a character x and let 
°X = X\m- (O^)''^"'''^' -^ C^ be its restriction to °H. Define: 

Wo^ = stabilizer of °x in W^ (3.2.1) 

Aa, = {ae A: ("x) ° (a|ox ) = 1} 
A+ = A.^ n A+ 

We call Ao^ the good roots for \. It is easy to see that Wo^ = VF? x Ro^. 

In |Ro| , one associates to '^ a particular compact open subgroup Jo^ of G and a 
character p of Jo^. The pair (Jo^, p) satisfies (among other properties) Jo^DH = ^H 
and p\aH = °X- 



Theorem ( jRoj ) ■ Let Ga^ denote the split p-adic group determined by Ao^ and 
7i{Go^/ /Icy) the corresponding Iwahori-Hecke algebra. 

(1) There exists a family of ^-preserving algebra isomorphisms 7Y(G//Jo^,p) = 
7Y(Go^///o^, 1) X Ro^. (Since Ra^ acts on the root datum of Go^, we can 
form this extended Hecke algebra.) 

(2) The group Ra^ is abelian. 

(3) An irreducible representation of G is in C{Jo^, p) if and only if it is an 
irreducible subquotient of the ramified principal series X{x). 

In conclusion, we see that the representation theory of the unramified principal 
series is controlled by certain extended Iwahori-Hecke algebras. 

One can make a connection with table [T] for split real groups. Recall that, 
in the real case, every fine M-type S: {'Z/2Zy^^'^^'~^ — > C^ can be viewed as a 
character of (Z/2Z)''™'''^, or in other words as a (rank G)-tuplc of characters of 
Z/2Z: S ~ (Si, ... , (5i.aiikG)i where dj is cither the trivial or the sign character of 
Z/2Z. Similarly, every character \: ^H -^ C^ can be viewed as a (rank G)-tuple 
of characters of O^ : °\; = (°xi, • ■ • ,°XrankG), where \j : O^ ^ C^ . 

Fix a nontrivial quadratic character °xo of O^. Then define the correspondence 

n , .n ^ 1 if (5, = triv, 

6 -^ °X6, with Cxs)j = \, .' (3.2.2) 

Then all the data associated with 5 in the real case is identical with the data 
associated to ^xs in the p-adic case. In principle, by an extension of the results in 
[BMll IBM2| , one expects that the unitary representations in the ramified principal 
series in C{Jo^,p) should correspond to the unitary dual of the extended algebra 
7Y(Go^///o^, 1) X Ra^. The (possibly surprising) observation is that the unitary 
representations in the nonspherical minimal principal series of the real group are 
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closely related to the unitary dual of the same Hecke algebra. This will become 
apparent in section [5l 

3.3. Definitions. We recall some basic results on graded Hecke algebras. The 
affine graded Hecke algebra H was introduced in [Lul| . We will only need to consider 
a special case of the definition. The generators of H are the elements {tg^ ■ a G 11} 
and {w: w G I)}. Here H denotes the set of simple roots. As a C-vector space, 

H = C[VK]cg)A, (3.3.1) 

where 

A^SymH)). (3.3.2) 

The following commutation relations hold: 

Luts^ = ts^Sa{uj) + {uj, a), a G H, w G f). (3.3.3) 

The center Z(H) of H consists of the W^-invariants in A ( |Lul| V 

Z(H) = A^'. (3.3.4) 

On any irreducible H-modulc, which is necessarily finite dimensional, Z{M.) acts 
by a central character. Therefore, the central characters are parameterized by 
ty-conjugacy classes in t). We will only consider real central characters, i.e. W- 
conjugacy classes of hyperbolic semisimple elements in ^ = ()*. 

We say that a module T^ of H is spherical if the restriction of V to C[W] contains 
the trivial VF-representation. 

Let X G f) be a hyperbolic semisimple element. Denote by C^ the corresponding 
character of A. Then one can form the spherical principal series module 

X(x)=H«)aCx. (3.3.5) 

It is immediate from the definition that 

X{x) = C[W] as W'-modules, (3.3.6) 

hence X{x) contains the trivial W^-represcntation with multiplicity one. Therefore, 
X[x) has a unique spherical subquotient, L{x). The following result is well-known, 
it is the Hecke algebra equivalent of a classical result for groups. 

Theorem. Let X(x) ^c ^^^ spherical principal series defined in 113.3.1]) . 

(1) If X is dominant, respectively antidominant, then X{x) has a unique irre- 
ducible quotient, respectively submodule, which is L{x). 

(2) Every irreducible spherical M.- module is isomorphic to L{x), for some x G ^■ 

3.4. Operators. We would like to consider Hermitian and unitary modules for H. 
For this, we need a ^-operation on H. This is given by |BM3| : 

C=^«,-i, w G M^, uj* = -uJ+ ^ {uj,a)ts^, w G [)• (3.4.1) 

aeA+ 

For every a G H, set 

ra=ts„a"l (3.4.2) 

(an element of H). Then, li w & W and w = s^j • Sa^ s^^ is a minimal 

decomposition of w in W , one can define 

ryj ^ Tq,^ • rfj2 • • . . • ^afc ■ (^^5.4.oj 
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Note that r^ is independent of the choice of the reduced decomposition (c/. |BM3j ). 
and therefore is well-defined. When w ~ wo (the long Weyl group element), we use 
r^jQ to define the long intertwining operator. 

A{wo, x) ■ X{x) — > X{wox), tw ® Ix ^ tni'^y^o ® l^'ox' w &W. (3.4.4) 

We obtain the same formula if we replace the r^„ by the element ^^^(x) G 'C\W] 
defined as follows. If 

is a minimal decomposition of wq in W (with d = 7^A+). then 

r..o{x)=r'^,-r'a.,- ■■■■r'^, (3.4.5) 

with 

r'a, = -{aj,{Sa, + iSa, + 2---Sae)x)ts^^ "l- (3-4.6) 

The following discussion is again the Hecke algebra analogue of a classical result 
for groups, we refer the reader for example to |BM3| for more details. 

Lemma. Let A{wo,x) ^c ^^^ operator defined in lli3.4-4^ - Then A^wqjX) ^s an 
intertwining operator, and is polynomial (hence entire) in x- 

Let {ipjV^) be a H^-type. The operator yl(wo,x) induces operators on Hom 
spaces 

A^{wo,x): Homi,y(K0,X(x)) — >liomw{V^,X{wox))- (3.4.7) 

Furthermore, by Frobenius reciprocity and (|3.3.6p . this induces an operator 

A4.{wo,x)-V^^V^. (3.4.8) 

The operator Atrm (wq , x) is the scalar 

Nix)^ n ((«'X) + 1). (3.4.9) 

We normalize the operators by this scalar and call them A{wq,x), respectively 
■Ap{wo,x)- Then -4t™(wo,x) = 1- 

Proposition. Let A{wo,x) ^^ ^^^ operator defined above. Assume that x is dom- 
inant. 

(1) The operator A(wo.,x) has no poles. 

(2) The image of A(wo,x) is L{x). 

(3) The Hermitian dual of L{x) is L(— x). Therefore L{x) is Hermitian if and 
only ifwox — ^X- -^'^ this case, if ( , )h denotes the Hermitian pairing, then 
the Hermitian form on L{x) is 

(t^®^x^ty®\^):={t^®\^,—-tyr^„{x)®^-T,)h. x,yGW. (3.4.10) 

It is easy to sec that L{0) is (irreducible and) unitary. In general, we have the 
following unitarity criterion. 

Corollary. Assume x is dominant andwoX = ^X- The spherical irreducible module 
L(x) is unitary if and only if the operators A^{wo,x) '^''"^ positive semidefinite for 
all W -types ip. 
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Clearly, this shows that the computation of the spherical unitary dual, for any 
given Hecke algebra H, is a finite problem. 

Example. 

(a) The operator on the sign M^-type is easy to compute: 

A.,„K,x)= n ItM- ^'-'-''^ 

If X is dominant, the module X{x) is irreducible if and only if Asignix) ¥" 0: that 
is, if and only if 

{a, x) i- 1, for all a G A+. (3.4.12) 

This is the Hecke algebra analogue of the statement that the spherical quotient 
of the unramified principal series of a split (real or adjoint p-adic) group admits 
Whittaker models if and only if it is the full principal series. 

(b) Let us consider the simplest case, i.e. the Hecke algebra of type A\. Then 
there are two representations of W ., the trivial and the sign. There is a single 
positive root a. From coroUarv 13.41 and formula (|3.4.1ip . it follows that L(x) is 
unitary if and only if 

-l<(a,x)<l. (3.4.13) 

3.5. Let Wo = Sax ' •*a2 ■ . ■ • • Soil tie a minimal decomposition of wq in W, and let 

A^{wo,x) = Aji,{ai,wix) ■■■A4,{at,Wix) (3.5.1) 

be the corresponding decomposition of ^^(wq, x)j with Wj = {saj-^iSaj+2 ' ' ' Sae)- 
Then 

on the (+l)-eigenspace of s^j on V^f 

L)-eigenspace of Sa^ on \ 

If a is a simple root, we have the formula 




^ ■' I — ^ ' ' on the (— l)-eigenspace of Sa^ on Kl. 



^Sa'^W '^W^S _i • t^O.O.OJ 

^From this, since Syj-i^ = w^^SaW, it follows that 

t-wf-w = fw^iui for all w ^W. (3.5.4) 

Remark. In particular, for w = wq, we obtain that every operator yl^,(i(;o,x) 
preserves the (+1) and the (—1) eigenspaces of wq on ijj* . 

3.6. Relevant M^-types. In light of corollarv l3.41 a spherical module L(x) is uni- 
tary if and only if A^{wo,x) is positive semidefinite, for all W^- types ijj G W. 

In fact, one determines in |Bal| . [BC2] . [Ci] a strict subset of W which is sufficient 
to detect unitarity. We call this set the relevant W -types. Of course, relevant W- 
types are interesting if and only if they form a small set. (This is the case, for 
example, for W{E^): while there are 112 irreducible representations of W{E^), our 
set of relevant M^(i?8)-types contains only nine representations.) 

In general, it is still unclear what the best way to define uniformly this set 
would be. For example, one can notice, after the calculations are done, that a 
possible set of relevant VF-types consists of representations which in the Springer's 
correspondence (|Sp|) are attached to nilpotent orbits of level 4 or less. (One says 
that a nilpotent element e has level k if ad{e)^^^ = 0, but ad[e)^ ^ 0.) 

We now provide lists of relevant W-types. They will play a role in section [5771 
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Definition. The following sets of W -types are called relevant: 



An-l 

Dn 
G2 

Fi 
Eg 

E7 
Eg 



{{n~m,m) : < to < [n/2]}; 

{{n - m, to) X (0) : < to < [12/2]} U {{n - to) X (to) : < ?7i < 71}; 

{(n-TO,TO) X (0) : < TO < [7V2]}U{(?i-to) x (to) : < 771 < [n/2]}; 

{li,2i,22}; 

{li,42,23,8i,9i}; 

|ip, Dp, 2()p, oUp, iOgI/ 

{la,7:,,27„,56:.,2i;,35fc,105b}; 

{1,, 8,, 35,, 50„ 84„ 112,, 400,, 300,, 210,}. 



The notation for Weyl group representations is as in [Cs 



3.7. Extended Hecke algebras. Wc present some elements of the construction 
of extended graded Hecke algebras. This construction will be applied to the setting 
of a Hecke algebra constructed from the set of good coroots and the (dual of the) 
i?-group, as in section [221 

Let H denote the graded Hecke algebra associated to a root system as in the 
previous section, and let i? be a subgroup of the group of automorphisms of the 
root system for H. 

Definition. We define H' to be the semidirect product 

H' := C[R] K H, (3.7.1) 

where the action of R on M comes from the action of R by outer automorphisms 
on the root system of H. 

Set 

W ■.= Rx W. (3.7.2) 

In the same way as for usual graded Hecke algebras, one obtains that: 

Lemma. The center of H' is A^ . 

For every z/ S f)*, we fix the following notation: 

R{iy) = the centralizer of ly in R, (3.7.3) 

A'{iy) = C[i?(7/)] K A, 
H'(7/) = C[R{iy)] K H. 

Let trivw be the trivial representation of W. This is stabilized by R, so by 
Mackey induction, any representation A of i? gives rise to a representation of W, 
which we denote by A k trivw] any VK'-representation containing trivw in its 
restriction to W is obtained in this way. 

Call an irreducible VF'-representation fine if it is of the form A x trivw for some 
A e i?. Note that if p = A x trivw is a fine W'-type, then HomM/[p : trivw] — A*. 

Definition. We call a module -k o/H' quasi- spherical i/ Homvy [ti" : trivw] 7^ 0. 

Clearly, any module tt containing a fine W'-typc is quasi-spherical. Consider the 
principal scries 

X'{u) = H' (8)A'(.) C, = H' ®H'M (H'(i^) ®A'M C,). (3.7.4) 

Every fine W'-type p = Xk trivw appears in X'{iy) with multiplicity dim A. Our 
main case of interest is when R is abelian, in this case all the multiplicities are one. 
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We can extend the definition of intertwining operators to this setting. Assume 
uw'^ £ R K W. Then, similarly to section 13.41 we define a H'-operator 

A'{uw , i/) : X^v) — > X'{uw ly), a; Ijy t-+ xur^a lu^Oj^. (3.7.5) 

We normalize the operator A'{uw^,v) to be the identity on the trivial VF'-type, 
and denote the resulting operator by A! (uuP ^ v). 
For every VF'-type V'', we obtain an operator 

A',^,{uw^,v): YLouiw'{'^',X'{v)) — ynoTnw{'^',X'{uw'^v)). (3.7.6) 

Remark. When tiPv ~ —v, the W -operator A!^,(vlP^v) is block diagonal, each 
block corresponding to a representation X of R{v), such that it is the restriction to 
Homij(,,)('0',A) of A^'\^^\w^,v). 

4. Petite A'-types for split real groups 

In this section, we discuss the construction of petite A"-typcs and the relation be- 
tween the real intertwining operators from section [21 and the graded Hecke algebra 
operators from section [3l 

4.1. Operators for real split groups. Assume that G is a real split group, let 
P = MAN be a minimal parabolic subgroup of G. Choose a (fine) if -type 6 and 
a weakly dominant character v of A. By the results in section 12.121 a Langlands 
quotient L(J, v) is Hermitian if and only if there is a Weyl group element satisfying 

w ■ Q = Q, w ■ S ^ S and w ■ v ~ —v 

where Q is the the parabolic defined by v^ as in section l^^ (If v is strictly dominant, 
then Q ^ P and uj = ifp, the long Weyl group clement.) The intertwining operator 

Afj.{w,5,v) ^ ^.s{'w)A'^{w,5,v): HomA/(/i, (5) -^Y{oT[VM{^^,5) 

induces a nondegenerate invariant Hermitian on L((5, v). 

The operator Afi{w,5,v) has been introduced in sections 12.81 and [2.111 We now 
describe its properties in greater details. 

Theorem. Let w — Sq^Sq,._i . . . Sqi be a minimal decomposition of w as a product 
of simple reflections. Then 

r 
A^^{w,5,v) = W_A^^{Sa^,Pj-l,Vj-l) (4-1.1) 

with 

A^{Sa,-,P3^1-,Vj-i) = ^is{(Ta^)A'^{Sa^,PJ-l,VJ-l) (4.1.2) 

and pj equal to the unique copy of 6j inside the fine K-type fis- 

Proof. Recall that A' (w,(5, z^) is a normalization of the standard intertwining op- 
erator Af^{w,6,i') introduced in section [2?8l As in (|2.8.3[) . it has a decomposition 
of the form: 

r 

A'^{w, (5, 1') = n 4(sa, , <5,_i, t.,_i) (4.1.3) 
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withxo = I, So = S = xq-S, vo = V = xq-v, and Sj = SajSaj_i ■ ■ ■ Sai ■ S = Xj- S, Vj 



SajSaj_i ■ ■ ■ Sqi ' ^ = ^j ' ^i ^or j > 1. The operator Afj.{'w, S, v) = ^s{w)A'^{w, S, v) 



inherits a similar decomposition. We can write: 



= ^^.s{xr■) 



WA'^(s^^,5j_i,Vj_i) 



j=i 



]^A^(sa^.,a;j_i •(5,a;j-i ■ v) 



i=i 



IJ-sixoY 



Jl [^ls{xJ)A'^{sc,^,XJ-l ■5,Xj-i ■ iy)ns{xj-i) ^] 



i=i 



n [/^<5(0'a,)^^(Sa,,Pj-l,^'j-l)] 



r 

i=i 
Here pj denotes the unique copy of Sj inside the (fixed) fine i^-type ^s- We refer 
to the factorization 

r 

Af,{w,S,i') = Y[A^,{sa^,Pj-i,iyj-i) (4.1.4) 

as the Gindikin-Karpelevic decomposition of the operator A^{w,S,i'). Note that 
every factor 

Af^{sa,,Pi-i,Vi-i): RouiMip^Pi-i) > HomA/(/i,pi) 

of this decomposition can be regarded as an operator on HouiMip, p-s)- Wc sum- 
marize the factorization with the foUowing diagram. The horizontal lines on top 
represent the decomposition (|4.1.3|) of A' {w, S, v). The vertical lines are the opera- 
tors psixjYs and their inverses; in particular, the first and last vertical lines are the 
identity and the operator ps{w) respectively. The horizontal lines in the bottom 
represent the factorization (|4.1.4[) of A^{w, S, v). 

HomAf(^.(5) ^;,(s«j,^j-i.''j-i) K''^''i+i'^i'"i'^ norauip-wS) 

II t t II 

HomM(Mi5o) HomA./(^, (5j_i) ■} Homj,/(^, 5j) ■} HomA/(^, 5j+i) HomA/(M, 5^) 
• >- • >- • >- • >- • 



M5(2;o) 




p-s(^j-i) ^ t^s(^j) 



P-6(^j) ^ P-S(^j + 1. 




HomA/(^,/5o) HomA/(^,pj_i) '■'■ HomA/(/i, pj) |- HomA/(A*, Pj+i) 

I -1)- JJ- 

HoniAf (/X, (5) '4^(s„j,Pj_l,I^3_l) A^(Sa-^^,Pj.Uj) 



M5("') 



HomA/(/x, pr) 

I 
HomA/(^,5) 



D 
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Next, we show how to compute the various factors of the decomposition ()4.1.4|) . 
Consider the action of Z\ . on the space HomA/(/i, Pj-i) defined by 

T^ToA[i{Z^;f. (4.f.5) 

This action is well defined because Ad{'m)Za = ±^q for all rn G M, so Z^. 
commutes with M. Every eigenvalue of Z^. on Homj\f (/i,pj_i) is of the form 
{—P), with I an integer. Precisely, I is an even integer if aj is good for Pj-i and 
an odd integer otherwise. Write 

HomM(A*, Pj-i) := ^"^ (-/') (4.1.6) 

for the decomposition of HomA/(/i, pj_i) in generalized eigenspaces for Z^.. 
Then the operator Aij,{saj, Pj-i, ^j-i) acts on £^"j(— P) by 

T ^ ci{aj,Vj^i) p.s{(Ta^)T p{(T-^), (4.1.7) 

where CTq, is a representative of Sa- in K. The constant ci{aj, I'j-i) is equal to 1 
for / = or 1, and is given by 



, , , ^,^(2-A)(4-A) 

C2m+l(aj-,J^j-l) = (-1)™' 



C2m(aj,^'j-l) = (-1)' 



(2 + A)(4 + A) 
.(1-A)(3-A) 



(1 + A)(3 + A) 



^2™-^) (4.1.8) 



(2m + A) 
{2m - 1 - A) 



(2to - 1 + A) 



(4.1.9) 



for 771 > 0. Here A = (t^j-i, ofj). Notice the similarity with the formulas for the 
spherical operators of S'i(2,R) in section [2.131 Recall from section [2.8.21 that 
•A.fi{sa , Pj-i, Vj-i) agrees with a spherical operator for the rank-one group MG"'^ 
on the restriction of jjl to MK"^ . 

Remark. For the purpose of computations, it is sometimes convenient to construct 
simultaneously all the operators A^{w,S' ,v) with S' an M-type occurring in ps- 

Let 6' be any M-type in the W -orbit of S. The operator A^{w , S' , v) , together 
with all its factors 

Af,{sa^,p'j_-i^,iyj^i): HomM(M,Pj-i) — > HomA/(/i, p^), 

can be regarded as operators on Homj\f (/i, /i^). Let 

A^{w,i^): UomM{E^,Ef,,)^UomM{E^,E^,) (4.1.10) 

be the direct sum (over all the S' in the W-orbit of S) of the operators Afj,{w, S' , ly). 
Via \4-E4^ , the operator Afi{w,v) has a decomposition: 

At,{w,v) = [|^p(Sa,,J^j-l). (4.1.11) 

Every factor is an operator on Homj\f (i?^, iJ^^), and is easy to compute. Write 

HomAf(£;,„S^J= E'-'i-P) (4.1.12) 






for the decomposition o/Honijv/ (E'^ , E^^ ) into eigenspaces for Z^ . . Then Afj, (s 
acts on E"'^ {~P) by 

T ^ ci{aj, I'j-i) fis{cra,)Tfi{a~^). (4.1.13) 
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4.2. Operators on fine A'-types. Let ^s be our (fixed) fine if-type containing 5 
(the same one used to define tfie operator A{w^5,v)). Our normalization imposes 
that Afji^ (w, (5, v) is trivial. We will show that, if /i is any fine K-type containing S, 
then the operator 

r 

Af,{w,d,iy) = ]^^^(sq.,Pj_i,^'j_i) 

is a (possibly nontrivial) scalar. 

Choose ji in A{S). To construct the j*'' factor of the operator Afj,{'w,S,v), we 
look at the action of Z^. on HomM(A*,Pj-i)- Because fi is fine, the only possible 
eigenvalues of Z^ , on this space are and — 1 , hence 

I Ey (0) if a," is good for p,_i 

RoraM{p,P,-i) = {j.;.'. J .^ ^' ' (4.2.1) 

I A^ ( — 1 ) otherwise. 

In both cases, the operator Afj,{saj, Pj-i, ^j-i) acts by T i-^ psi^uj) T p,{cr~^). This 
follows immediately from the fact that co(aj, Vj-i) = ci(aj, i^j-i) = 1- 
Then, the full intertwining operator 



Y[Af,{sa^,Pj^i,iyj-i] 



Afj,{w, S, v) : EouiMip., S) — > HomM(Ai, (>),T f 

acts by 

T^fis{a^^)Tti{a.^), (4.2.2) 

where a^ is a representative of w in K. 

Note that the space HomM(M, <^) is one-dimensional, so Afj,{w,S,iy) is a scalar 
operator. We will now give a different interpretation of this scalar. 

For every (not necessarily fine) ii'-type tt containing S, we define a representation 
ipTT of Ws on HomAf (tt, i5), as follows. Since 5 appears in p^s with multiplicity one, we 
can identify S with its copy inside ^s, and V^ with E^^^ ((5) (the isotypic component 
oi S in /j,^). Let Mg be the preimage of Ws in the normalizer M' of A in iiT. The 
group M'g acts on both E^^ (S) and £'^^ (5) by restriction of the appropriate action 
of K, hence it acts on 

RomM{E^,V^) = RomM{E^,E,,,{5)) = RomM{E^{S), E^,{6)) 

by 

<j-T{v)^fis{(j)T{TT{a)-^v) \/veE^. (4.2.3) 

Because M acts trivially on HoraM {Et^ , V^), we also get a representation ip^r of Wg. 
The restriction of -07^ to Wg will be denoted by "0° . 

Now assume that tt is fine. Let (M^)° be the subgroup of Mg generated by the 
elements CTq, for all the good real roots a. Notice that {M'g)^ can be smaller than 
the preimage of Wg in M', because it may not contain all of M. 

The group (M^)° acts trivially on the J-isotypic component of every fine X-type 
TT containing S. To prove this claim we observe that 

n{a'^)v — n{ma)v — 5{ma)v = v Vu G Etj{S) 

for all <Ta G {MgY^ (recall that a is a good real root for S). So ttIq, acts trivially 
on E^riS). Because p. is fine and has level at most one, the (-l-l)-eigenspace of 
(Tq coincides with the (-l-l)-eigenspace of uia (and the (O)-eigenspace to Za). In 
particular, CTq acts trivially on E^{5). 
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Let US go back to the space 

HomM(7r, 6) = HomM(^., V) = UomMiEAS), E^,{S)). 

Since ir and us are both fine, the action of (Af^-)" on this space is obviously trivial. 
The group W^ = [M{M'g)°]/M also acts trivially on HomA/(7r, J). 

Hence, for every fine -fC-type ir containing S, there is a representation of the R 
group Rs = Ws/Wg on HomM(£'7r, V'*)- We denote this representation by Qt,. If 
[w] G Rs and cr is a representative for w in M'^, then 

{g^[w]T){v) ^ ^is{<y)T{n{a)-'v) ^veE^. (4.2.4) 

Notice that this is exactly the action of Aniw, S, ly) on HomA/(i?ir, V^). 

Remark. The representations ij.'^, ip'l and g^^ depend on the choice of the (fixed) 
fine K-type iis S ^i^)- This is the same fine K-type used to define the operator 
A{'W,S, v). 

Proposition. Choose a minimal parabolic subgroup P = MAN of G, a represen- 
tation 5 of M and a weakly dominant character v of A. Suppose that X[E^v) is 
Hermitian, and let w G Ws be such that w ■ Q = Q and w ■ v ~ —9. Denote by a a 
representative for w in Mg and by [w] the equivalence class of w in Rs- 

Having fixed a fine K-type ^s G A{S), we associate a character g^^ of Rs to every 
fine K-type tt containing 5, as above. The intertwining operator 

A-^iw^S^v) = iis{w)A'^{w,5,i') 

acts on HoinA/(7r, (5) by the scalar gTi[w\. 

Corollary. If w (E Wg , the operator Ati{w, S, v) is trivial for all it G A{6). 

If w ^ Wg (and Rg ^ {!}), then different fine X-typcs may get different sign. 

4.3. A nonunitarity criterion. A first criterion for nonunitarity is obtained by 
analyzing the signature of the intertwining operator on the fine K-typcs. 

Proposition. Let G be a real split group. Choose a minimal parabolic subgroup 
P = MAN of G, a representation 5 of M and a strictly dominant character v of 
A. Let L(6, v) be the corresponding irreducible representation of G. Suppose that 
w ■ P ^ P and w ■ v ~ ^D for some w G Ws, so that L{5,v) is Hermitian, and 
assume that there is no element w^ G Wg with the same property. Then L(S, v) is 
not unitary. 

Proof. Since A[5) ~ 4J=Rs and Rs is nontrivial, the principal series X{5, v) contains 
several fine i^-types. Every fine iiT-type of X{5, v) is contained in L{5, v), because 
L[5, u) is the unique irreducible subquotient of X{5, v). So, to prove that L{5, v) is 
nonunitary (i.e. A{w, 5, v) is not positive scmidefinite), it is sufficient to show that 
there is a fine X-type tt in A{5) such that A-„{w^ 6, v) — g-nlw] < 0. 

Because Rs is an abelian two-group, the dual Rs is a group isomorphic to Rs- 
In particular, the number of distinct characters of Rs equals the number of fine 
ii'-types containing S. Also notice that, with the notation of the previous section, 
g-Ki = gTT2 if and only if tti = 7r2. So every character of Rs is of the form p^ for 
some TT G A{5). We conclude that there must be at least one fine i^-type tt in A{S) 
such that PttM = —1, and we are done. D 
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Another explanation (suggested by D. Vogan) for why this result should hold is 
as follows. Choose G2 D G a,s disconnected as possible (if G is the real points of 
an algebraic group, then G2 is the preimage of the real points of the adjoint group 
of G), and let M2A2N2 be a minimal parabolic subgroup of G2 containing MAN. 
The group M2 is still abelian and contains M; we can choose an extension 62 of S to 
M2 such that Ws2 = Wg. Then the principal series X{S2, i') of G2 is not Hermitian, 
and its restriction to G cannot be unitary. (Note that every fine K-type containing 
6 appears in the restriction of the unique fine A'2-type containing 52-) 

We now give some applications of the proposition. 

(1) li ly = a > 0, the nonspherical Langlands quotient L{sign,a) of SL{2,M.) 
is Hermitian. The element w = s„ € Wsign carries P into P and v into 
—V. Because W°jg„ = {!}, there is no element in W^^g^ with the same 
property. It is not hard to check that the operator A{sa,sig7^,a) takes 
opposite sign on the two fine S'0(2)-types (+1 and —1) containing sign. 
Both fine S'0(2)-types are contained in L{sign,a), hence L{sign,a) is not 
unitary. Notice that the corresponding representation of G2 = SL^{2,M.) 
is not even Hermitian. 

(2) If v is real and strictly dominant, the nonspherical Langlands quotient 
L{5p, v) of Sp{2n, R) is Hermitian (c/. section [^75|) . The element w = — / G 
Ws = Gn-p X Cp carries P into P and ly into —ly. Because Wg = G^-p x 
Dp^ when p is odd there is no element of Wg that can change sign to v 
(only an even number of sign changes can occur in the last p entries of v). 
It is not hard to check that the operator ^(— l,(5p,i/) takes opposite sign 
on the two fine [/(n)-types (AP(C„) and AP(C„)*) containing 5p. Both fine 
C/(n)-types are contained in L{5p^ v), hence L{5p, v) is nonunitary. 

In these examples Rs ~ Z/2Z and A{5) contains two fine A'-types (which correspond 
to the trivial and the sign representation of Z/2Z respectively). Because [w] is a 
generator for the Rs group, the operator A{w, 5, v) takes opposite sign on the two 
fine AT-types. Hence the Langlands quotient L((5, v) (which includes both AT-types) 
is nonunitary. 



Remark. In proposition \4.3\ v is required to be dominant, so X{S, v) has a unique 
irreducible subquotient (which must of course contain all the fine K-types for S). 
If v is only weakly dominant, the lowest K-types are distributed among the various 
subquotients. If one of these subquotients contains at least two fine K-types, then 
a similar nonunitarity test may apply. 

Proposition. Suppose that 

(1) Rs + {1}, and 

(2) Rs{v)^Rs 

so that there is a subquotient of X{5,v) containing (at least) two fine K-types tti 
and 7r2. Also assume that w ■ v ^ —v for some w G Ws, and that there is no 
element wq € Wg with the same property. If g^-^ [w] ^ Qt^^ i'^] j then the Langlands 
subquotient L{5,v){'Ki) = L{5,v){'K2) is not unitary. 

Petite AT-types are meant to provide additional nonunitarity certificates for Lang- 
lands quotients of principal series. 
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4.4. Definition of petite A'-type. The definition of petite K-types is ratlier 
teclinical. It is intended to provide a natural relation between intertwining operators 
for real groups and intertwining operators for graded Hccke algebras. This relation 
will be detailed in the next few sections. 

Definition. Let ^ be a K-type containing d. We say that jjl is "petite for d" if the 
following conditions hold. 

(1) If a is a good root for 6, and a is simple in both Wg and W, then the only 
possible eigenvalues of Z'^ on Homjvf (/x, <5) are and —4. This gives: 

RomM{l^,S) =-B"(0)©£;"(-4). 

(2) If a is a good root for S, and a is simple in Wg but not in W , choose a 
minimal decomposition of s^ in W of the form 

with 

• ^ good for r = {s^^ ■ ■ ■ s^^s~f-^)5, and 

• 7j bad for both tJ = [s^._^ • • ■ s^2S^^)5 andr^ = i^ij+i ' ' ' ^-yi^^^ii ' ' ' s-yi)^, 
for all j = 1 . . . I . 

Then 
(2a) the only possible eigenvalues of Z? on HoniA/ (/i,T) are and —4. 



(2b) the only possible eigenvalue of Z?\. on HomA/(/^, t,- ) is —1. 






Note that, in these cases, 

HomM(Ai,T)=^«(0)®^«(-4) 

and 

HomA/(M,T±) = £;T^(-l) Vi = l...L 

(3) If a is a bad root for 5 but s^ is in the stabilizer of 6, then the only possible 
eigenvalue of Z^ on HomA/(/i,(5) is —1. This gives: 

RomM{t^,6) = E"{-l). 

Proposition. K-types of level at most 2 are petite. 

Definition. Let pi be a K-type containing 5. We say that fi is "quasi-petite for S" 
if conditions (1) and (2) hold. 

Proposition. K-types of level at most 3 are quasi-petite. 

4.5. Spherical Petite ii'-types. Assume that 5 is trivial and v is weakly domi- 
nant. Choose w ^ W such that w-Q = Q,w-5~5 and w ■ v — ~v. Note that 
W^ = Ws = W in this case. 

Theorem. Let S be the trivial character of M . For every spherical K-type jjl, let 
ij/l be the representation of Wg on Homj\/(/.t, (S) introduced in section \4-.2\ If jjl is 
petite, then 

for all weakly dominant v . 

The operator on the left is an operator for the real group G; the operator on 
the right is an operator for the afhne graded Hecke algebra corresponding to W 
{of. section [ 
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Proof. Consider first the Hecke algebra operator 

A(^oy{w,iy): {V{'4,o)'] ^llomM{^J.,S) ^ \V(^^o),] = HomA/(/^, (5) (4.5.1) 

(Note that domain and codoniain of A^^,oy coincide with the ones of Afj,{'w, S, v)). 
If 

tf = s/3, • ■ • Sfc s/3i (4.5.2) 

is a minimal decomposition of w in W, then ^(^,o). has a Gindikin-Karpelevic 
factorization of the form 

r 

A(^^o),{w,i^) = n Av'°)*('5ft,7j-i) (4.5.3) 

with 7j-i = sp._^ ' ' ' ^Pi^Pi^ fo'" s-ll J ^ 1 s-nd 7o = v. The j*''-factor of the 
operator acts by 

il on the (+l)-eigenspaceof V'°(s/3j 

A,oH.,,,7.-r):-|^-g^ onthe(-l)-eigenspaceof<(.,J. (^■'■^) 

Here is a picture of the action oi A(^o)-'{si3.,^j-i): 

( + l)-cigcnsp. of 1/1° (s^) (-l)-cigonsp. of V" (s/3 ■ ) 
• i • 



( + l)-oigcnsp. of J/'°(s^^. ) (-l)-eigonsp. of i/'51(S;3j. ) 

Notice that 

Now look at the real operator. Corresponding to the same minimal decomposi- 
tions of w in W , there is the factorization (|4.1.4p for A^{w, 5, v): 

r 

A^,{w,5,v) = ]^^^(s/j^,pj_i,j/j_i). (4.5.6) 

Observe that Pj-i = 5 and Vj-i = 7j-i, for all j = 1 . . . r. Most importantly, both 
^(^o).(s/3j. ,7j_i) and A^{sp-,S,^j-i) are operators on Hom7v/(/^, <5). We will prove 
that the two factors match. 

Recall from section WA\ that the action of ^^(s^ , (5, 7j_i) on HomA/(/^, <^) de- 
pends on the decomposition of Homj\/(/^, J) into Zf^, cigenspaces. In particular, 
Afj,{sp.,5,^j^i) acts on £'^(-4771^) by 

T ^ C2m{(3j,-fj-i) ns{<Ji3^)T n{ap^). (4.5.7) 

Because Pj is a good root for S, we can re-write this action as 

TK^C2™(/3„7j_i)V'^(.?ft)T. (4.5.8) 

Now, because /x is petite, and f3j is a good root for S (simple in both W and Wg), 
the only eigenvalues of Zl on RouimI^, S) are and —4: 

HomAf (m, -5) :- ^''^ (0) © e!^^ (-4). 
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Hence only the constants co(/3j,7j-i) — 1 and C2(/3j,7j_i) 



l-(7,-l.ft-) 



appear: 



E(0) 
• — 



E(0) 



Notice that 



E(-4) 
• 



M 



A^is0^,s,-f,^^)■. |<(.„^.) ^ .;;;^:^:g; <(°^.) 



B(-4) 




i5(-16) 



£''^^(0) = (+l)-eigenspace of V'°(s;3j) 
£'ft(_4) = (-l)-eigenspace of -0"(s/3j 



B(-36) 



(4.5.9) 
(4.5.10) 



^M(sft''5'7j-i) = A'A2)*(«ft'7j-i) Vj = l...r. 
We conclude that 

Af^iw, S, v) = .4(^0). (if, v). 



(4.5.11) 

(4.5.12) 

D 



4.6. Nonspherical petite iiT-types. The matching of operators in the nonspher- 
ical case is much harder, especially if the 7^-type is not pseudospherical. In this 
case, Wg is a proper subgroup of W and the two intertwining operators cannot be 
compared term by term. We point out some of the difficulties: 

• The element w is in the stabilizer of S in W, but does not necessarily belong 
to Wg, so the operator A(^.^o y {w , ly) might be meaningless. 

• If a is a bad root for S, and is simple in W, then the a-factor of Ai_i,{'w, S, ly) 
does not have an immediate correspondent in ^(^,o)* {w, v). 

• If a is a good root for 6, and is simple in Wg but not in W, then the a-factor 
of ^(^0)* {w, v) does not have an immediate correspondent in A^{w, S, v). 

It is convenient to proceed by increasing level of difhculty. At this stage we will 
assume that w G VF°, so that we can choose a minimal decomposition of w in Wg 
which is "compatible" with the one of w in W. 

Lemma. Let w ~ sp^ ■ ■ ■ sp^sp-^ he a minimal decom,position of w in Wg . Notice 
that the roots occurring in this factorization are obviously simple in Wg , but need 
not to be simple in W. If Pi is not simple, we can choose a minimal decomposition 
of sp. in W such that: 

^Pi " (,'571 572 ■ ' ■ ''7; )^£,\^ll ' ' ' ^72^^!) (4.D.ij 

with 



^ good for (s^, • ■ • Sy-^s^^)S, and 
7j bad for both (s 



72 71 

7i-l 



J(5 and (s. 



73+1 



■ Sryj^S^S^ 



,)S. 



We can choose these minimal decompositions in a way that, after replacing every 
non simple reflection sp- by its expression in \4-.6.1\ we obtain a minimal decompo- 
sition of w in W . 

The following example will clarify the lemma. Let G be the split linear group of 
type F4, with simple roots: 
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ai = ei — 62 — e^ — £4 02 = 2e4 «3 = ^3 — £4 04 = €2 — €3 

• ■ ■ • 

There is a one-dimensional nongenuine character S of M (with a three-dimensional 
orbit {S,S',S"} under W) that admits 

02 = 2e4 03 = £3 — £4 a4 = £2 — £3 /3 = £1 — £2 

• ■ • • 

as a basis for the good roots. Then Wg is a Weyl group of type C4. The long Weyl 
group element w = —1 has length 16 in Wg, and length 24 in W. We choose 

to be a minimal decomposition of w in W^". Note that /? is the only good root 
which is simple in Wg but not in W; we decompose it as: 

S/3 = iSaiSa2)Sa3iSa2Sai)- (4.6.3) 

Then 

• ai is bad for d. The reflection s^i carries 5 into (5' = Sa-^S and (5' into (5. 

• a2 is bad for d' . The reflection s^j carries S' into (5" = 5^2'^' ^^"^ '^" i^^o (5'. 

• as is good for (5". . The reflection 5^3 obviously stabilizes 6" . 

• The composition SaiSa2Sa3Sa2Sai stabilizes S. 

Replacing every occurrence of s^ in w by the product SajSajSagSajSai, we obtain 
a minimal decomposition of w in W: 

W -50^2 1 0^3 ^Ct2Ct3/\CK4 CK3CK2CK3CK4/' 

\°ai'^a2 Oi'A (^2 Oil ^a4^CK3''a2 Ct3 Ci4 "^CKi '^tt2 CK3 Cf^ f^l / ■ 
V ' ^^ V ' 

Theorem. Let S be a nontrivial representation of M and let v be a weakly dominant 
character of A. Assume that there exists w e Wg such that w-Q = Q and w-v = —v. 
For every K-type n containing 6, let 1/'^ be the representation ofWg on Hom7\/(/i, S) 
introduced in section \4-^ If fJ' is petite, then 

Af,iw,S,iy) = ^(^o).(w, ^). 

The operator on the left is an operator for the real group G; the operator on 
the right is an operator for the afSne graded Hecke algebra corresponding to Wg 
{cf. section 1331) • 

Proof. Suppose that 

w' = S/3, •■•S/32S/31 (4.6.4) 

and 

W 5^^ • ■ ■ yS^-^ S^Y^ ■ ■ ■ Sj^ S^S.y^ • ■ • 5^2 ^Ji j^fHi — l ' ' ' \^Ti ^To ' ' ' ^Ti ^(^'^Ti ' ' ' ^To ^Ti ) ' ' ' ^f3l 

" V ' " V ' 

(4.6.5) 
are minimal decompositions of w in Wg and W respectively, that are compatible 
in the sense of the previous lemma. 

Recall that the Hecke algebra operator 

^(^o).(w,z/): (^V(,0O).j =HomA/(Ai,(5) ^ (^V(^;0).J = Hom7i/(^, (S) (4.6.6) 
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has the factorization (|4.5.3p : 

r 

A^^.oyiw,!^) = J|^(^o).(s^^,7j„i). (4.6.7) 

The j*''-factor of ,4(^0). {w, v) is again an operator on HomA/lA*, <5), and acts by 

fl onthe (+l)-eigenspaceof V'°(sft) 

A.«)*(^ft>7.-i) :- |i_g^ on the (-l)-eigenspace of <(.,,). ^'-'-'^ 

The real operator ^^(w, (5, i^), on the other hand, has the factorization ()4.5.3p . 
This factorization involves more factors; every factor corresponds to a simple root 
in W (which might, of course, be either good or bad for 6). We will prove that: 

(a) If /3 is a good root for 5, and (3 is simple in both W^ and W , then the 
/9-factor of A(^oy* {w, v) matches the corresponding /3-factor of A^{w, S, v). 

(b) If /3 is a good root for (S, and (3 is simple in W^ but not in W , write 

for a minimal decomposition of sp in W as in lemma l476l Then the /3-factor 
of ^(^o).(w,:/) matches the product of the all the factors of Afj_{w,6,h') 

coming from {s^-^s^^ ' ' ' ^11)^^(^71 ' ' ' ^12^71) ■ 
In our Fi example, the matchings arc as follows: 

(a') ^(•,^o').(ai,7) = Afi{ai,S,j) for all i = 2,3,4, and all 7. 

(b') ^(^0).(/3,7) = Af_,{ai, S' , Sa2Sa3Sa2Sail) ° Af,.{a2, S" , Sa3Sa2Satl)° 

oAf_,{a3,S",Sa2Satl) °A^{a2,S',Sai-f) o Af_,{ai, 6, j) 
for all 7. 

Instead of proving claims (a) and (6), we will prove (a') and {b') instead. The 
general idea will emerge from this simpler case. 

Condition (a') is easy to prove. Let /3 = a^, for i = 2,3,4. Then /? is a good 
root for 6, and is simple in both W and Wg. Because ^ is petite, HovaMifJ-jS) = 
i?'^(0) © E^{—4:). The same argument used in the spherical case shows that the 
/3-factor of the Hecke algebra operator matches the /3-factor of the real operator: 

^(^,o).(/3,7)=^^(/3,5,7) (4.6.9) 

for all 7. Notice that both factors act on HomM(Mi '^)- 

Condition (b') is more delicate. Choose /3 = ai and sp = (saiSaa'^aaSaa^ai)- 
The Hecke algebra operator ^(^o). (/3, 7) acts on Homjvf (a*, S) in the usual way. The 
composition of the factors of the real operator corresponding to {saiSa2Sa3 8012^01) 
also acts on IIomj\,f(/^,<5); the single factors, however, do not. Set S' = SaiS and 
6" = Sq2Sqj(5. Then 

^p(sqi,(5,7): IIomA/(/i, (5) 

Af^{sa2,S',Saij): Horn A/ (/x, (5') - 

Af_,{Sa3,S",Sa2Sail)- IIomA/(/i, (5") 

Af^{Sa2,S",Sa3Sa2Sai7)- HomMin.S") 

^^(^"1 ' ^'^ Sa2Sa3Sa2Sail) ■ HomA/(/i, S') 



IIomM(/i, (5') 


(4.6.10) 


BomMi^i,S") 


(4.6.11) 


RomM{p,S") 


(4.6.12) 


}iomM{^J-,S') 


(4.6.13) 


IIoniAf(Ai,(5). 


(4.6.14) 
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Because ^ is petite and ai is bad for both S and 6' , serious restrictions are imposed 
on the eigenvalues of d^{Za^)^ on both Homj\/(/i, 5) and Hom7v/(/i, S'): 




Then, for all 7, we have: 

A^^{sa^,5,-f): Yion\M{ji,5) — > Honiji/(/^, (5'), T ^^ /X5(CTQjT^(crQj~^ (4.6.15) 
and 

Af_,{Sai,5' .Sa^Sa^Sa^Satl)- HomA/(/i, (5') ^ HoniM (/i, <5), T ^-> A^5 (cTqi )r/i(crQ J~^ 

Note that, because T is A/-invariant and cr^^ G A/, we can also write 

Af_,{Sai,5' ,Sa2Sa:,Sa2Saxl)T = M5 (^qi )"^rA^(cra J. (4.6.16) 

There are similar restrictions on the eigenvalues of dii{Za^)'^ o^i Homj\,/(Mi '^') ^-i^d 
HomA/(/j,, (5"). Hence 

A^_,{sa2,5' ,Sai^): HomM(M:'^') — > HomM(/i,(5"), Tk^ /i5(tTc<jT/i(cra2)~^ 

(4.6.17) 
and 

A^_,{Sa2,5" ,Sa:iSa.r'iail)-- HomAf (^i, (5") > HomM (Mi ^') i T (-^ ^5 (cTq J"^T/^(o-a2 ). 

(4.6.18) 
We are only missing the central factor. A^,{sa^,5" ^Sa-^Sa-i'^)- Because ^ is petite, 
and as is good for 5" , Z^^ acts on HomA/(/i, 5") with eigenvalues and (—4). Then 

A^_,{Sa:i,5" ^Sa^Sail)- HoniA/ (/i, (5") — >HomM(M,<^") 

acts by 

T + {Sa2Sail,d3)^J,s{o-a3)Tn{aa3)~^ 



1 + {Sa2Sai7,0:3) 

Finally, we look at the composition of the 5 factors: 

Af^{ai,6', Sa2SaaSa2Sail) ° Af^{a2,S", 80,380,280,11)0 

°Afj,{a3, 5", 80,28011) o Afj,{a2,6', So,ii) o Af,{ai,d, 7), 
which acts by 



(4.6.19) 
(4.6.20) 



T> 



T + {80,280,11, ds) tJ'Sicri3)Tfi{a0) ^ 

1 + (SaaSaiTia's) 

Because /3 is a good root for S and 

(8o,28ail,d3) = {l,So,i8a2d3) = {l , P) , 

we can re- write this action as 

r + (7,/3X(s3)r 



(4.6.21) 



Ti 



l + (7,/?) 
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Hence the product of operators behaves exactly hke ^(^o)»(/3,7). This concludes 
the proof of the theorem. D 

We now go one step forward, and discuss the case w £ W^ (not necessarily in 
Wg). Recall that W is the semidirect product of Wg with 

R^s^{weW:wCAJ) = ''Ai}. 

Rg is an abclian two group, and is generated by reflections through strongly or- 
thogonal bad roots perpendicular to ^(A^). 

Theorem. Let 6 be a (nontrivial) representation of M and let v be a weakly dom- 
inant character of A. Assume that there exists w £ Wg such that w ■ Q = Q and 
w ■ V = —V. Write w = uw^ , with u € Rg and w° £ Wj. For every K-type ^ con- 
taining S, let ijjf^ be the representation of Ws on Hoin7\/(/i, (5) introduced in section 
\4-''^ and let i/j'^ be its restriction to Wg . If ^ is petite, then 

The operator on the left is an operator for the real group G; the operator on the 
right is an operator for the extended Hecke algebra corresponding to Ws ( cf section 
[371). 



Proof. Choose a minimal decomposition of w = uw'^ in W of the form 

W ^ Sq^-- -Si^^Sa,-- -Sai (4.6.22) 

with s^. G Rg and {sa^ ■ ■ ■ Sai) a minimal decomposition of w'^ in W. Notice that 
(^i . . . Q are bad roots for S, but the corresponding reflections stabilize 6. 
The intertwining operator Afj,(w, S, v) factors: 



(4.6.23) 
If /i is petite, then 



WA^,{sa,,Pj-i,i'j-i) 



A^^o-^,{w°,iy) (4.6.24) 



by theorem [ 

Let us look at the remaining factors of the operator Aij,{w, S, v). Since sq stabi- 
lizes 5, each Afj,{s(^^^5,Vr+i-i) is an operator on Homjv/ (Mi '^)- Because /i is petite, 
Z'l. acts on HomM(/^,^) with eigenvalue (^1). Then 

^^(s<;,, J, I's+f-i): HomM(Ai,^) — > HomA/(/^, (5), T ^ iis{aQ^)Tn{aQy^ (4.6.25) 

for all i = 1 . . . t. We can re-write this action in terms of the W^^-representation ■0^ 
introduced in section [42l 



Af_,{sQ.,5, z^s-i-j-i) : HomA/(/x, 5) — > HomM(M: '^): T ^ '4>fj,{sQ,)T. (4.6.26) 
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Composing the various factors of the operator we find: 



This concludes the proof of the theorem. 
Remark. // /i is fine, then 

A^{w,5,v) = 0^(w)^(^o)4ii;,zy) = ■0^(^)7/'° (u;°) = Vm(w) = S'mN 
(in accordance with proposition \4-S^- 



(4.6.27) 

D 



4.7. Matching of unitary duals. Let G be a spht real group. Suppose, for 
simplicity, that the principal series X (S^iy) has a unique irreducible Langlands 
subquotient L'^{S, v). Let w (iW he such that 

w • (5 ~ (5 w ■ ly ~ ^D and w ■ Q = Q. 

The unitarity of the Langlands quotient L'^{5,v) depends on the signature of the 
Hermitian intertwining operator ^(w, J, i^). More precisely, L {5,v) is unitary if 
and only if ^^(u', 5, u) is positive-semidcfinite for all /i £ X containing 5. 

Because the Weyl group element w stabilizes 5, we can write w = uw^ , with 
u Q Rg and w° G Wg. If yU is a petite i^-type containing S, then 



A^{w,S,iy) ='ipfj,{u)A[ti,oj^{w°,iy). 



(4.7.1) 



Here V'm is the W^-representation on HomA/(^, (5) and tp^ is its restriction to 14^^. 
The operator A(,po-^^[w'^ , v) is a spherical intertwining operator for a graded Hecke 
algebra H" defined as in section 13. 3[ with M^= W^ and H the simple roots of A5 . 

Recall from section |3^ that the unitarity of the irreducible spherical H^-module 
i^ (y) is detected by a finite number of relevant M^°-types. 



If A{6) has cardinality one, then Wg = Ws, Rs is trivial and u = 1. Hence 



Af_,{w, S, v) = ^(^o)»(w, v) 



(4.7.2) 



for all /i petite. 

Suppose that every relevant Wg type comes from a petite iiT-type via the cor- 
respondence jjL — > 0° In this case, the unitarity of the G-module L'-^{5,v) implies 
the unitarity of Hecke algebra-module L^ [v). 



L {6, v) is unitary 



t 



A^,{w,6,u) > 



A^,{w,S,iy) >0 
V^ petite 



= > 



L^ (v) is unitary 



t 



Ariw,!^) > 

Vr relevant 



^ 



Ar{w,iy) > 



Vt€ V^o 



It follows that the portion of the unitary dual of G induced by S is embedded in 
the spherical unitary dual of IHI°. 
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Theorem ( [Balj . [Ba2] ). Let G be any real split group and let 6 be the trivial repre- 
sentation of M . Then Rs = {1}, Wg = Ws = W and every relevant W-type comes 
from a petite K-type (via fi — > ipti)- 

As a consequence, the spherical unitary dual of G is embedded in the spherical 
unitary dual of the corresponding Hecke algebra H. 

Suppose that A{5) has cardmahty bigger than one, so that Rs is nontriviaL 
Because we are assuming the existence of a unique irreducible subquotient, every 
fine ii'-type in A{S) is contained in L'~^{6, u). We distinguish two cases: 

(a) w G W^ 

(b) w £ Ws\Wg, and there is no w^ S Wg satisfying 

w^ ■ ly = —V and -uP ■ Q = Q. 

If w G Wg , the operator A{w, S, v) acts triviaUy on every fine iiT-type contained 
in L^{6, y), and acts by 

on every petite ii'-type containing 5. Assume that every relevant Wg type can be 
matched with a petite if-type. Then the same analysis performed above shows 
that L'^{d, v) is unitary only if L^ {5, v) is unitary. Hence we obtain an embedding 
of unitary duals. 

If ui e Wg\Wg, and there is no w° e Wg satisfying 

up ■ u = —D and iy° ■ Q = Q, 

then there are at least two fine A'-types tti and 1:2 such that 

1pni{w) = Qyriiu'] = -£^7^2 N = -^'2(w). (4.7.3) 

Because the operators ATniwjSjv) and ATr-^iWjSjiy) have opposite sign, the Lang- 
lands quotient L'~^{5,v) is not unitary. 

4.7.1. Example: 5p(2ri,M). Let G be the real split group Sp{2n,R). Then K = 
U{n) and M = (Z2)". There are {n + 1) W^-conjugacy classes of M-typcs: the 
spherical M-type 

(5o = trivial 
and the nonspherical Af-types 

5p = ( +,+,■■■,+ , -,-,■■■,- ) p=l...n. 

n—p p 

Recall from section HH that 1^^° = Ws„ = W, while W^^ = C„_p x Dp and 

Wsj, = Cn-p X Cp for p > 1. The i^^^-group is ^, and indeed Sp is contained into 
two fine X- types: 

Mp(+) = (1_^,0_^) = AP(C") 

p 71 — p 

and 

i,pi-) = (p,...,q, -i,. . .,-i ) = [AP(C")]*. 

n—p p 

li p ~ 1 . . . n, we will assume that the last entry of 

ly = (ai,a2, . . . ,a„) 
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is nonzero and that p is even. Under these assumptions, the principal series X{dp, v) 
has a unique irreducible subquotient and there exists w £ W^ mapping P into P 
and V into ~D. 

The case of Sp{2n, R) is very special, because every relevant W^^-type can be 
matched with a petite K-type (via ipfj, ^^ IJ.)- The matching is as follows: 



relevant M^(C„)-type ip 


spherical petite X-type such that ijj^ = ip 


{n-k) X (fc) 


(2,...,2,0,...,0) 

fc 


(71 -k,k)x (0) 


(1,. ..,1,0,.. .,0,-1,.. .,-1) 

k fc 




relevant W{Cn-p x Cp)-type V 


nonsphcrical petite A'-type such that ^p^^ — tp 


(triv) (g) [(a,p- a) x (0)] 


(1,.. .,1,1,. ..,1,0,. ..,0,-1,...,-!) 

a n—p a 


(triv) (g) [{p - c) X (c)] 


(2_^,l_^,0,...,0) 

c n—p 


[{n— p — c) X (c)] g) (friu) 


(1,...,1,0,...,0,-1,...,-1) 

n—p—c c 


[(c, 71 - p - c) X (0)] ® (triw) 


(2_^,l^_^,0^_^) 

c n— p— 2c p+c 



To prove that the /iT-types in these tables are actually petite, we observe that they 
all appear in the tensor products 

/i+(p)g)Ai„(p)= Yl (i,---,i,o,...,o,-i,...,-i), 
2a+&=2p ^^ ^-^ ^T:7~^ 

fi+ip) ® fi+ik) ^ J2 (2,.. .,2,1,. ..,1,0,.. .,0). 

2a+b=2p " ': " r 

'^ a b n—a — b 

Because fJ.±{p) has level 1, every summand of these decompositions has level at 
most two and is automatically petite. We get another set of petite ii'-types by 
changing all the signs to minuses, i.e. by passing to the dual. 

The existence of this matching between relevant W^-types and petite iiT-types 
containing S allows us to draw the following conclusions. 
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• If (5 = (5o, let H be the afRne graded Hecke algebra corresponding to W 
(defined as in scction [3?3|l . Then the spherical Langlands quotient L'~^{6o, ly) 
is unitary only if the spherical Hecke algebra-module L^{i') is unitary. 

• li S = Sp, assume that a„ ^ and p is even. Let H'^ be the affine graded 
Hecke algebra corresponding to Wg (defined as in section [373)) . Then the 
nonspherical Langlands quotient L (5p,v) is unitary only if the spherical 
Hecke algebra-module L^ {v) is unitary. 

4.7.2. Remarks. So far we assumed that the principal series X(5,v) had a unique 
irreducible subquotient. We conclude this section with some brief remarks on the 
general case. 

The dual i?-group Rs acts simply transitively on A{5)^ so the number of fine 
if -types containing 5 is equal to the cardinality of Rs (recall that Rs is an abelian 
group, isomorphic to its dual). Two fine if- types occur in the same irreducible 
subquotient if and only if they lie in the same orbit of R's{v) (the annihilator of 
Rsiiy) inside Rs). Every subquotient contains the same number of fine if -types, 
equal to the cardinality of Rg^{v). We conclude that there are exactly Jt±^/ \ 

irreducible subquotients. It is easy to see that Rf{v) is the Kernel of the restriction 
map 

Rs -> Rs{v), X'-^x|i?5(i/)- 
(Since the groups are abelian, all irreducible representations are one-dimensional, 
so this is map is well defined and surjective.) Hence 

Fis ' ^ 

# irreducible subquotients = # — ^—— = =f^Rs{iy) = il^Rs{v). 

Now suppose that Rsiv) is not trivial. Then the principal series X{5, v) contains 
several irreducible subquotients, and the intertwining operator Afi{'w^5,v) has a 
block diagonal structure (with one block per subquotient). The blocks are in one- 
to-one correspondence the set of orbits of Rj'{iy) in A{5). 

If fi is petite, the operator Ap,{w,6^iy) matches the operator A'^t{w,h') for the 

quasi-spherical module X'{i') for the extended graded Hecke algebra H' correspond- 
ing to Ws (cf. section [5771) . The operator A'.l.Iw,!^) also has a block diagonal 
structure, with one block per character of Rs{v). 

We notice that there is a one-to-one correspondence between blocks oi Ai_l{w, 5, v) 
and blocks of A'^, {w, v). Equivalently, there is a bijection between orbits of Rfiv) 
in A{5) and characters of Rs{v): fix a base point ^s in A{5) {i.e. a fine if-type 
containing 5) and identify A{5) with Rs via // i— > V'm- ^he set of orbits is then 
identified with „ , f , , which we know is isomorphic to Rs(v). 

Then, to check the signature of the Hermitian form on a petite A"-type /^ oc- 
curring in the subquotient L(S,i>){fis), one can look at the the signature of the 
appropriate block of the Hecke algebra operator AL» {w, v). Similarly for the other 
subquotients (but an issue with the normalization may arise). 

5. Spherical unitary dual 

In this section we describe the spherical unitary modules, with real infinitesi- 
mal (central) character. To distinguish between the real and the p-adic case, we 
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will denote by L^{x) ^-iid ^^(x) the corresponding spherical modules for G(M), 
respectively Hecke algebra H, and similarly for all related notation. 

5.1. Parameters. To every x G ^n we attach uniquely a nilpotent G-orbit 0{x) 
in g as follows. Consider 

gi^^ = {xe3:ad{x){x)=x}, Gq.x = {.g e G : ^%)(x) = x}- (5.1.1) 

It is known that Go,x ^'^^s with finitely many orbits on fli^^i and as a consequence, 
there is a unique open orbit in gi^^. Let 0{x) denote the G-saturation of this open 
orbit. For the classification and relevant facts about nilpotent orbits in complex 
Lie algebras, we refer the reader to [Car] and [CM] . 
Let O he a nilpotent G-orbit in g. 

Definition (1). The O -complementary series are the sets 

CS^{d) = {x ■■ L^ix) is unitary and d{x) = C*}, in the p-adic case, (5.1.2) 
CS^{d) = {x : L^ix) is unitary and 6(x) = O}, in the real case. (5.1.3) 

When we want to refer to both sets simultaneously, we will just use the notation 
CS{d). 

The spherical unitary parameters are the disjoint union of the corresponding 
complementary series UqCS{0). 

Fix a Lie triple {e, h, /} in O. Let ^(e, h, /) denote the centralizer in g of e, h, f. 
Then the orbit 0{x) can be described differently. By [BMl] . the orbit 0{x) is the 
unique one satisfying the conditions: 

(1) wx = h/2 + V, for some v E 3(e, h, /), and (5.1.4) 

(2) 0{x) is maximal with respect to condition (1). 

Clearly 0{h/2) = O. In fact these parameters are special, they are instances of 
Arthur parameters. 

Definition (2). The modules L^{h/2) and L^{h/2) are called special unipotent. 



The conjectures in |Ar| suggest that the special unipotent parameters should be 
unitary. In the Hecke algebra case, there exists the Iwahori-Matsumoto involution 
IM which preserves unitarity and takes the special unipotent modules to tempered 
modules. The unitarity of the corresponding group representations when G is p-adic 
is then implied by |BM1| . 

In the real case, the unitarity of special unipotent modules is proved in [Bal] for 
split classical groups. This is beyond the scope of this exposition, and we refer the 
reader to section 9 in [Bal] for details. 

Returning to the O-complementary series, we see that CS^{0) contains at least 
one element, h/2, corresponding to the special unipotent. In fact, when O is a 
distinguished orbit, the conditions (|5.1.4p imply that h/2 is the unique element of 

CS^iO). 
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5.2. 0-complementary series. The basic case one needs to compute is when O 
is the trivial nilpotent orbit. The parameters x, which we wih assume dominant, 
such that 0{x) = are precisely those such that 

(d, x) 7^ 1, for any a £ A+. (5.2.1) 

In the (adjoint) p-adic case, these parameters correspond to the modules which 
are both spherical and admit Whittaker models, in other words, to the irreducible 
principal series X{x)- 

It is clear that the operators Af^ (wq , x) in section 13.41 are isomorphisms in any 
open region of the complement of the hyperplane arrangement given by ()5.2.1|) in 
the dominant Weyl chamber in ^r. Due to the Hcrmitian condition, we may only 
consider x lying in the (— l)-cigenspace of wq: 

Eo = {x€i)M: wox = -X}- (5.2.2) 

Consequently, these operators have constant signature inside any such open re- 
gions, and we see that CS{0) is a union of open regions intersected with Eq. 
Let Co denote the fundamental alcove: 

Co = {x e ^R : < (d, x) < 1, for all a e U}. (5.2.3) 

Any open region conjugate to Co by the affine Weyl group is called an alcove. 

The following result is well-known. We will regard CS{Q) in this section as a 
subset of the fundamental Weyl chamber, i.e. we will only consider dominant x- 

Lemma. (1) Co n E^o C CS{0). 

(2) Every open region contributing to CS{0) is bounded. 

Part (1) is implied by the fact that X{0) is irreducible and unitary. Part (2) 
is a signature calculation. In the Hccke algebra setting, one can easily show that 
A^i {wq , v) , with fi the reflection VF- representation, can only be positive definite in 
the bounded regions. 

The first result is the determination of the 0-complementary series. The proof 
for classical groups is in [BM3j and [Balj , with a different proof in |BC3j , while for 
exceptional groups it is in [Ci] for F4 and [BClj for Eq, E^, Es- Earlier, for type A, 
this result was obtained in [Vol| in the real case and [Taj in the p-adic case, while 
for G2, it is part of |Vo2| for the real case, and |Mu| for the p-adic. 

Theorem. The 0-complementary series CS{0) is formed of: 

A. Con-Bo; 

B. Co; 

C,D. 2!"' ^1 alcoves intersected with Eq, where n is the rank of the group; 
G2. 2 alcoves; 
F4. 2 alcoves; 
E. 2 alcoves intersected with Eq for Eq, 2'^ alcoves for E-j, and 2^ alcoves for 
Es- 
In explicit coordinates, in type Cn or Z?„, if X ^ {^ii • • • 7 ^n), with WqX = ~Xj 
the set CS'(O) is formed of the parameters satisfying the following condition: there 
exists an index i such that 

< z^i < • • • < f i < 1 — Vi-i < Vi+i < • • • < i^n < 1, and between any Vj < Vj+i, 
i < j < n, there is an odd number of (1 — vi), 1 < I < i. (5.2.4) 
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The explicit description for the exceptional types is in section \5.3\ . 

In the p-adic case, the proof has two components: 

(1) in any region which has a waU of the form (a, x) = 0, for some simple 
coroot d, one knows by unitary induction the signature of the operators 
jR{'Wo, u) on every VF-type -(/'■ 

(2) any open region for which all the walls are of the form {a,x) = 1, for 
a e A+, cannot be unitary. One can use a signature argument here, for ex- 
ample in the classical cases one can show that the signature of the operator 
J^{wo,x), where -0 = (rcfl) + 5ym^(refi) is indefinite (see |BC3| V For E^ 
and Eg,, a different argument is used in |BClj . namely it is shown that any 
such region must have a codimension two edge given by two coroots which 
form an A2, and by a simple signature argument, the parameter cannot be 
unitary in such a case. 

Explicit calculations showed that in fact in all cases, classical and ex- 
ceptional, a parameter x is hi CS'(O) if and only if the operator ^5(wo,x) 
is positive definite for ip = (refl) -t- S'ym^(refl), but we do not have a con- 
ceptual proof of this fact for E^ and £'§. However the outline above gives 
conceptual proofs in all cases of the fact that x is in CS'(O) if and only if 

J^{'Wq,x) is positive definite for all relevant M^-types V'- (5.2.5) 

In the real case, the same result holds by the following extra argument: 

(3) by (|5.2.5p . the unitary spherical and generic parameters for G(R) are a 
subset of CS'(O); 

(4) any x £ CS{0) has the property that (d, x) 7^ "^, for all roots a G A+, and 
all m G Z>o. Therefore the spherical minimal principal series X{x) in the 
real case is irreducible as well for all x ^ C'S'(O); 

(5) also in the real case, any x G CS'(O) can be proven unitary by irreducible 
deformations and unitary induction. 

5.3. We record next the precise description of the 0-complementary series (that is, 
the generic spherical unitary parameters) for simple exceptional split groups. We 
use the Bourbaki simple roots in type E. To simplify the notation, we will write 
d < 1 instead of (d, x) < 1 in the description of the unitary regions. 

5.3.1. 6*2. The parameter is x = (j^i, vi -f V2, ^2vi — 1^2), with vi > 0, z^2 > 0. The 
0-complementary series is: 

(1) dg < 1, and di,d2 > 0. 

(2) d4 < 1, ds > 1, and di > 0. 

We use the coroots di = (2/3,-1/3,-1/3), d2 = (-1,1,0), de = (0,1,-1), 
ds = (1, 0, -1), and d4 = (1/3, 1/3, -2/3). 

5.3.2. _F4. The parameter is x = {i^ii 1^2, 1^3, V4) assumed dominant. The 0-complementary 
series is: 

(1) d24 < 1, and di,d2, d3,d4 > 0. 

(2) d22 < 1, d23 > 1, and di,d2,d4 > 0. 

We use the coroots di = (1,-1,-1,-1), d2 = (0,0,0,2), da = (0,0,1,-1), 
d4 = (0, 1, -1, 0), and d24 = (2, 0, 0, 0), d23 = (1, 1, 1, 1), d22 = (1, 1, 1, -1). 



Vl 


— U2 


1^1 


2 

+ 1^2 



'■A, 


T^l 


2 


V2 


-Z/4,' 


Vl 


+ 


^2 


y\ 


-^V2 
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5.3.3. E^. In W(E^\ the longest Weyl group element wq does not act by —1. There- 
fore, we only consider dommant parameters x such that wqx — ~X- In coordinates, 

V\-V2, V\~V2 , 1^1 + V2 
^ "rVA, 2 +^^3, 2 ' 

(5.3.1) 



The 0-complementary series is: 

(1) d36 < 1, and di, d2, ^3, "4, ds, de > 0. 

(2) d34 < 1, d35 > 1, and di, d2, d3, ds, de > 0. 

5.3.4. Et. The parameters arc x ~ (^^ii ^^2, t's? 1^4, ^5, J^ei "^^Ti ^7)7 assumed domi- 
nant. 

The 0-complementary series is: 

(1) d63 < 1, and di,d2, d3,d4, ds, d6,d7 > 0. 

(2) dgi < 1, d62 > 1 and di, d2, d4, ds, de, dy > 0. 

(3) d58 < 1, d59 < 1, deo > 1 and di, d3,d4, d6,d7 > 0. 

(4) d53 < 1, d54 < 1, d55 < 1, d56 > 1, dsT > 1 and di,d3,d5 > 0. 

(5) d46 < 1, d47 < 1, d48 < 1, d49 < 1, a^Q > 1, d5i > 1, d52 > 1 and 
d2 >0. 

(6) d53 < 1, dsg < 1, d56 > 1 and di, d3, d4, da, dg > 0. 

(7) d49 < 1, d53 < 1, d54 < 1, d52 > 1, dsg > 1 and d3,d4,d5 > 0. 

(8) d47 < 1, d48 < 1, d49 < 1, d53 < 1, dsi > 1, d52 > 1 and d2,d4 > 0. 

5.3.5. Es- The parameters are x = ('^i? ^^2, 1^3, Vi, 1^5, t'e, I'y, t's), assumed dominant. 
The 0-complementary series is: 

(1) di2o < 1 and di, d2, d3, d4, d.g, dg, dy, dg > 0. 

(2) dii3 < 1, dii4 < 1; dii5 > 1 and di, d4, ds, dg, dj, dg > 0. 

(3) dio9 < l,diio < 1; "111 > l,dii2 > 1 and d3,d5,d6, d7,d8 > 0. 

(4) d9i < l,d92 < l,d97 < l,d98 < 1; dgs > l,d96 > l,dioi > 1 and 
d3, d4 > 0. 

(5) d9o < l,d9i < l,d92 < l,d97 < 1; d94 > l,d95 > l,d96 > 1 and di,d3 > 
0. 

(6) d89 < l,d9o < Ijdgi < l,d92 < 1; d93 > l,d94 > l,d95 > 1, d96 > 1 and 
di > 0. 

(7) dio4 < 1, duo < 1; aio7 > 1, dii2 > 1 and d3, d4, ds, d7, d8 > 0. 

(8) dio4 < 1, dio5 < 1, dio6 < 1; dio7 > 1, dio8 > 1 and d2, d4, d7, d8 > 0. 

(9) dii8 < 1; dii9 > 1 and di, d2, d3, d4, da, dg, d8 > 0. 

(10) d97 < l,diio < 1; aioi > l,dii2 > 1 and d3, d4,d5,d6, d7 > 0. 

(11) d97 < l,dio5 < l,dio6 < 1; dioi > l,dio8 > 1 and d2,d4,d6,d7 > 0. 

(12) due < 1; dii7 > 1 and di, d2, d3, d4, de, d7, d8 > 0. 

(13) d97 < 1, d98 < 1, dio6 < 1; dioi > 1, dio2 > 1 and d2, d4, da, de > 0. 

(14) d97 < 1, d98 < 1, d99 < 1; age > 1, dioi > 1, dio2 > 1 and d2, d4, ds > 0. 

(15) d97 < l,d98 < l,d99 < l,dioo < 1; dioi > l,dio2 > l,dio3 > 1 and 
012,015 > 0. 

(16) dii4 < 1; dii2 > 1 and di, d3, d4, ds, dg, d7, d8 > 0. 
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5.3.6. Roots for type E . The notation for the positive coroots which appear in the 
0-complementary series is as fohows. 

d34 = ^(-l, 1,-1, 1,1, -1,-1,1) a35 = 5(-l'-l'l'l.l'-l'-l'l) 



Et. 



E. 



d36 = 5(l'l.l'l'l'-l'-l'l) 



d46 = i(-l, 1,-1, 1,1, -1,-1,1) d47 = ^(-l, 1,1, -1,-1, 1,-1,1) 

"48 = ^(1, -1, -1, 1, -1, 1, -1, 1) "49 = (5 + (6 

d50 = i(-l, -1,1, 1,1, -1,-1,1) d5l = i(-l, 1,-1, 1,-1, 1,-1,1) 

"52 = ^(1,-1,-1,-1,1,1,-1,1) d53 = i(l, 1,1, 1,1, -1,-1,1) 

d54 = i(-l, -1,1, 1,-1, 1,-1,1) d55 = i(-l, 1,-1, -1,1, 1,-1,1) 

d56 = i(l, 1,1, 1,-1, 1,-1,1) d57 = i(-l, -1,1, -1,1, 1,-1,1) 

d58 = i(l, 1,1, -1,1, 1,-1,1) d59 = i(-l, -1,-1, 1,1, 1,-1,1) 

d60 = i(l, 1,-1, 1,1, 1,-1,1) del = i(l, -1,1, 1,1, 1,-1,1) 

"62 = ^(-1, 1, 1, 1, 1, 1, -1, 1) "63 = -£7 + £8 



i(l, -1,1, 1,1, 1,-1,1) d90-i(l, 1,-1, 1,1, -1,1,1) 



"89 

d9i = i(l, 1,1, -1,-1, 1,1,1) d92 = i(-l, -1,-1, 1,-1, 1,1,1) 

d93 = |(-1, 1, 1, 1, 1, 1, -1, 1) d94 = |(1, -1, 1, 1, 1, -1, 1, 1) 

d95 = 1(1,1,-1,1,-1,1,1,1) d96 = |(-l, -1,-1, -1,1, 1,1,1) 

"97 = -67 + £8 "98 = ^(^l' 1' ^' 1' 1' ^1' 1' 1) 

d99 = i(l, -1,1, 1,-1, 1,1,1) dioo = i(l, 1,-1, -1,1, 1,1,1) 

dioi = -£6 + £8 "102 = 2(^1' 1' 1' 1' ^1' 1' 1' 1) 

"103 = |(1, -1, 1, -1, 1, 1, 1, 1) "104 = -£5 + £8 

"105 = |(-1, 1, 1, -1, 1, 1, 1, 1) "106 = |(1, -1, -1, 1, 1, 1, 1, 1) 

"107 = -£4 + £8 "108 = 5(^1' 1' ^1' 1' 1' 1' 1' 1) 

"109 = -£3 + £8 "110 = Q (-1, -1, 1, 1, 1, 1, 1, 1) 

dm = -62 + £8 "112 = 2 (1' 1' 1' 1' 1' 1' 1' 1) 

dll3 = £1 + £8 "114 = -£l + £8 

dii5 = £2 + £8 "116 = £3 + £8 

dii7 = £4 + £8 "118 = £5 + £8 

dii9 = 66 + £8 "120 = £7 + £8 

5.4. O-complementary series. In this section we state the main theorems as 
they follow from [Bal], [BCT] . 

5.4.1. 

Theorem ( [Balj . [BCl| .|Ci|). Fix O a nilpotent G-orbit in g and a Lie triple 
{e,/i, /}. Let X be a (hyperbolic) semisimple element such that 0{x) ~ O, and 
which we write as x ^ h/2 + v, with v G 3(e, /i, /). Then 

X is in CS^{d) if and only if v is in CS^'^^'^'^''''^^\0), (5.4.1) 

unless O is one of the following orbits: 

• Ai+ Ai in Fi, 
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• A2+ 3Ai in E7, 

• A4 + A2+A1, A4 + A2, D4{ai)+A2, A3 + 2A1, A2 + 2A1, andiAi m Eg. 
The explicit description of the complementary series is in section\^ 

In the case of the exceptions, unless the orbit is 4Ai in Es, the complementary 
series is smaller than the one for the ccntralizer, and for AAi, it is larger. 

5.4.2. 

Theorem ( [Bal| . pC2| ). A spherical module L^{x) is unitary if and only if the 
operators A3,{wo,x) o-tc positive semidefinite for all relevant W -types ip. 

5.4.3. We record the results for the spherical principal series of a split real group. 

Theorem ( [Bal| . p3a2| ). Every relevant W -type ip appears as a W -subrepresentation 
of the {V^^y space of a petite K-type (/i, V^). 

The construction of petite iiT-types was explained in section |4l 

Corollary. For every nilpotent orbit O , one has 

CS^{0) C CS'^iO). (5.4.2) 

5.4.4. We have already seen in section EJ that in fact CS^{Q) = CS^{0). 
Theorem ( jBalj ). IfG{M.) is split classical, then 

CS^iO) = CS^iO), (5.4.3) 

for every nilpotent orbit O. 

In addition to the unitarity of the special unipotent representations already men- 
tioned in section [nm in order to establish this theorem, |Balj needs to analyze the 
irreducibility of parabolically induced representations (see section 10 in |Balj ). One 
of the ideas which makes this tractable is a combinatorial parameterization of the 
spherical representations, which we recall next. 

5.5. Strings. In this section, we give a description of the parameterization of the 
spherical dual as in |Balj . section 2, by means of a generalization of the multiseg- 
ments or strings introduced for GL(n) in |Zej . 

To every parameter x, one attaches a multisegment, so that the orbit 0{x) and 
the decomposition x = ^/2 + v used in the previous section can be read off easily. 
These multisegments arise naturally in the setting of the geometry for the Hecke 
algebra. More precisely, they parameterize the unique open Go,j^-orbit in Qi^-^ (see 
section [5TT] ') 

Let [a] = (fli, . . . , Ok) be a set of numbers. 

Definition. We call [a] an increasing (respectively decreasing) string if — a^-i + 
fli = 1 (respectively a^-i — Oi = 1) for all i. 

We will explain next how one builds from %: the multisegment, the orbit 0{x), 
the middle clement h and the parameter v in the ccntralizer ^(e, h, /). Recall that 
for simple classical types the complex nilpotent orbits O are parameterized by 
partitions as follows: 

• partitions of n, when g = sl{n, C); 

• partitions of 2n, with odd parts occurring with even multiplicity, when 
= sp(2n,C); 
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• partitions of 2n + 1 , with even parts occurring with even multiphcity, when 
g = so(2?i + l,C); 

• partitions of 2n. with even parts occurring with even multiphcity. when 
Q = so(2n, C). In this case, when the partition is very even, i.e. all parts 
are even, there are two distinct orbits corresponding to it. 

5.5.1. G of type B„. We partition the entries of the character x = {i^i-, ■ • ■ j ^n) into 
subsets At- where < r < 1/2 and 

Ar ~ {vi : Vi or — Vi = 1/2 + T{raod Z)}. (5.5.1) 

There are two cases < t < 1/2 and r = 1/2. 

When < T < 1/2, form A'.^ = A^- U {-Ar). We partition A'^. into a disjoint 
union of increasing strings M^-^, . . . , M^^ and decreasing strings Af ~j, . . . , A/^^, 
where M^^ = "^^-Ti ^^ follows. Remove the smallest entry, say — a in y4^ and place 
it in A/j^^, and the largest entry a and place it in M^^-- If a — 1 appears in A'^., 
remove it from A!^. and place it M^^- ^-^d similarly, remove \ — a and place it in 
M~j^. Continue with a — 2, a — 3, . . . until this is not possible. This completes the 
construction of AI^. i. Then repeat the process with the remaining entries in A'^. to 
construct Af^j: ^^^z^ etc. Once this is finish, every pair (A/^j, A/^^) adds: 

(1) a pair {li,li), where li = length{M^^) ~ length{M~,^) to the partition of 

0(x); 

(2) the entries [U] = {-{k - 1), -{k - 1) + 2, . . . , (/i - 1)) to h (this is the middle 
element of the principal orbit in gl{li)); 

(3) the entry |z/i[, where 1/^(1, . . . , 1) = M^^ — l/2[/i] to v. 

We give two examples of this process. For example, if t = and ^o = 
(0,0,l,l,l,l,2,3,3,4,5),thenA/o+i = (-5,-4,-3,-2,-l,0,l),A/o+2 = (-4,-3), 
and Mq^ = (—1,0,1). Of course, always, M~,^ = —AI^-. This means we add to 
the partition of d{x) the entries (2, 2, 3, 3, 7, 7). To h we add (-1, 1), (-2, 0, 2) and 
(-6, -4, -2, 0, 2, 4, 6), and to i/ we add 7/2, 0, and 2. 

If T = 1/4, and Ai/4 = (1/4, 1/4, 3/4, 5/4, 5/4), then Af+j = (-5/4, -1/4, 3/4) 
and Af +2 ^ (-5/4, -1/4). This adds the entries (2, 2, 3, 3) to the partition of (5(x). 
To h we add (-1, 1) and (-2, 0, 2), and to i/ we add 3/4 and 1/4. 

Now assume r = 1/2. Form again A'-^/2 = ^1/2 U {—A1/2). We only construct 
increasing strings AI^/2 ,, * = 1,^ h^ this case. Remove the smallest entry b in Aj ,2 
and place it in A/j^2 i- Continue with 6+1,6 + 2,... until this is not possible. This 
concludes the construction of Af^2 i- We repeat the process with the remaining 
entries in A'.^/2i until we remove all of them. Any two strings Af-|^2 i ^'^.d Afj^2 
such that M^,„ . ~ -~M^,„ . contribute: 

1/2,4 l/2j 

(1) a pair {ki, ki), where ki — length{M^,2 J = length{M^,2 -) to 0{x); 

(2) the entries [h] = {-{ki - 1) - (A:^ - 1) + 2, ... , {ki - 1)) to h; 

(3) the entry |i/,|, where u,{l, . . . , 1) = A/+2,. - ^f^ih]- 

Remove them from the list of strings and repeat. If the number of strings was 
odd, there is one remaining string at the end, say M^,2 j,. We call this string dis- 
tinguished. The motivation is that the positive part of this string is 1/2 the middle 
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element of a distinguished nilpotent orbit in a symplectic complex algebra as in 
jCMj . Add the partition corresponding to that orbit to 0{x)- The contribution to 
h is twice the positive part of M^,^ f,, while there is no contribution to i^. 

For example, if A1/2 = (1/2,1/2,1/2,3/2,3/2,3/2,5/2,5/2,5/2,7/2), then we 
extract five strings: M+^-^ = (-7/2, -5/2, -3/2, -1/2, 1/2,3/2, 5/2, 7/2), M+22 = 
A^V2.3 = (-5/2,-3/2,-1/2,1/2,3/2,5/2), M+^^^ = (5/2), and Af+^g = (-5/2). 
Then the distinguished string is M^,^ ^. Its positive part is (1/2,3/2,5/2,7/2), 
which is 1/2 the middle element of the principal nilpotent orbit in sp{8). It adds 
(8) to 0{x), (1, 3, 5, 7) to h, and nothing to ly. The other four strings add (6, 6) and 
(1, 1) respectively to 0{x). Their contribution to h are (—5, —3, —1, 1,3, 5), and (0), 
and to v, they contribute 0, respectively 5/2. 

In conclusion, if our x where the disjoint union 

X = AoUAi/4UAi/2, (5.5.2) 

with At as above, then we rearrange the entries of the nilpotent orbit increasingly, 
e.g. 

Oix) = (1, 1; 2, 2, 2, 2; 3, 3, 3, 3; 6, 6; 7, 7; ; 8), (5.5.3) 

and h and v are permuted accordingly. We separate the distinguished part by ; ; 
and the groups of identical entries by ;. After this arrangement 

z. -(5/2; 3/4, 7/2; 0, 1/4; 0; 2;; ). (5.5.4) 

5.5.2. G of type Cn- The algorithm of forming strings is the same as the one for 
Bn except that A'^ = At U {—At) U {0}), and the special case is r = 0. For 
T = we apply the algorithm as in the case r = 1/2 for i?„, and the distinguished 
string corresponds to a distinguished nilpotent orbit in so{2k + 1,C). In the case 
< r < 1/2 the algorithm is identical to < r < 1/2 in i?„. 

5.5.3. G of type £>„. The algorithm of forming strings is the same as the one for 
Bn except that the special case is r = 0. For r = we apply the algorithm as in the 
case r = 1/2 for i?„, and the distinguished string corresponds to a distinguished 
nilpotent orbit in so(2fc,C). In the case < r < 1/2 the algorithm is identical to 
< r < 1/2 in i?„. There is a minor complication when the parameter belongs to 
a very even nilpotent orbit which we ignore here. We refer the reader to section 2.7 
in [Bal| for the details of this case. 

5.6. Testing unitarity. Once the decomposition of a character x into strings is 
completed as in section 15. 5[ testing unitarity by theorem 15.4.11 is easy. 

Let assume that from a character (spherical parameter) x we obtained in section 
15.51 the strings and the parameter 1/ for the ccntralizer 3(5, h, /). Let us assume 

0(x) = (l^_^;2__^;...;fc_^;;[A]), (5.6.1) 

2£i 2^2 2^*= 

I' = (^1,1: ■ • ■ I t^i,£i; ^2,i7 • ■ • I '^2,12', ■ • ■ ; '^k,i, • ■ • , t^k/k', ; ), 

where £i > 0, i = l,k, and the conventions for notation are as in (|5.5.3p and (|5.5.4p . 
Moreover, we may permute the entries in v between any two consecutive ;'s to be 
increasing. 

The type of the centralizer ^{e,h,f) is well-known (see |CMj or [Car]). It is a 
product of types Bi., Dg. or d-, depending on the type of G. Then one checks 
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if the corresponding entries (i^i.i, ■ • ■ , ^'i,^;) in v satisfy the conditions in ()5.2.4p for 
the corresponding (dual) type. 

Example. If (0{x)-,v) are as in (|5.5.3p and (|5.5.4p . then g ~ sp(32,C), and 
3(e, /i, /) has type Ci x Z?2 x C2 x I^i x Ci, in the same order as 0[x) is written, 
and where by D\ we mean a one-dimensional torus. We test the corresponding i^^'s 
against (|5.2.4p (for a torus D\, the only unitary parameter is 0): 



V 


centralizer 


unitary? 


(5/2) 


Ci 


no 


(3/4,7/2) 


D2 


no 


(0,1/4) 


C2 


yes 


(0) 


Di 


yes 


(2) 


Ci 


no 



In conclusion, x is not unitary. 

5.7. MELximal parabolic cases. In the next sections we give a sketch of some 
of the ideas involved in the proofs of the results stated in section 15.41 We will be 
concerned with theorems 15.4.11 and 15.4.21 which are proved in [Bal| for classical 
split groups, |C3 for G2 and F4, and |BC2| for types E. The method for proving 
theorem l5.4.1[ but not the statement about relevant VF-types, was used for the first 
time in [BM3| for classical split groups. 

Recall that we are in the setting of the affine graded Hecke algebra EI = Hq. 
The method consists in a double induction: 

(a) an upward induction, by the rank of the group G, and 

(b) a downward induction, in the closure ordering for nilpotent orbits O in g. 

In this scheme, one determines the 0-complementary series last. We have seen 
in section 15.21 that there is an alternate method for finding the 0-complemcntary 
series directly. 

As remarked in section 15. li there is nothing to do for distinguished orbits O. 
Therefore, the first basic cases to do are when the nilpotent O is parameterized 
in the Bala-Carter classification by the Levi component of a maximal parabolic 
subalgebra. We call them maximal parabolic cases. 

Let us assume therefore that the Lie triple {e, h, /} of O is contained in the 
Levi subalgebra rfi of a maximal parabolic subalgebra p = rfi -I- n C g. The graded 
Hecke algebra corresponding to rfi, which we denote ]HIj\/, is naturally a subalgebra 
of H. Let X = h/2 -h J^ be the character as before. Note that h/2 defines a special 
unipotent representation Li\j{h/2) for M. 

Lemma. With the notation as above, assum,e that v is dominant with respect to 
the roots in n. Then L{x) is the unique irreducible quotient of 



X{M, h/2, v) := Ind«^^ {Lu{hl2) ® C,). 



(5.7.1) 



We refer the reader to |Bal| (also [BM3| ) for the proof of this result. It is 
proved using the Iwahori-Matsumoto involution and the geometric classification of 
H- modules as it follows from |KL| and |Lul| . 

One knows that the module i(x) is Hermitian if and only if there exits w ^ W 
such that 

wM ~ M, wh ~ h, and wi' = —i^. (5.7.2) 
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If there exists such a w, we choose Wm to be a minimal element in the double coset 
W{M)wW{M). Then one can define a generalization of the intertwining operators 
from section [nm 

A{w„„ v) : X{M, h/2, v) — > X{M, h/2, -v), and (5.7.3) 

A^iwra.y) ■■ Homvi/(A/) [K/. : LM{h/2)] — > YLon\y/{M)[V^ ■ LM{h/2)], 

for every M^-type (tp^Vjp). 

In section 6 of [Balj , these operators are computed explicitly for all relevant W- 
types in the classical groups as in definition 13.61 One can reduce the calculation, 
so that the only cases that one considers there arc for t) the middle element of the 
principal nilpotent orbit on m. In those cases, the dimension of the Hom spaces in 
equation (|5.7.3p is always 1. That makes A^,{wm,i^) a scalar, which is normalized 
so that it is +1 when tjj = triv. 

Example 4.6.1. Let us assume that G is of type Bn+k- Then g = sp{2n + 2fc,C), 
and we consider O = (fc,fc, 2n), sothat x~ (57 i> • ■ • :"~ 51 ~'^t'" + '^' ■ ■ ■ > ■^t'" + '^): 
and rfi = sp{2n, C) x gl{k, C). The calculation in |Bal| gives: 



relevant W-type 


A.^{Wjn,l^) 


(n + k — m) X (m) 


TT n+^-j-iy 
0</<Li"+|-j' + ^ 


{m,n + fc — m) X (0) 





where < ttt, < fc. 

For example, when n 



1, fc 

.He, 



1, we are in the case sp{2) x 5/(1) C sp(4). 



The only W"-types in the Indjj";' (trii; ® C^) are 2 x 0, 1 x 1 and 11 x 0. Then 



■^Hci 

X = {i^, h), ly > 0. The operators are +1, 



3/2-i/ 

3/2+iy' 



and 



(l/2-i/)(3/2-t/) 
(l/2+i/)(3/2+i/) 



respectively. 



Since X(M, h/2, u) is irreducible at z^ = in this case, we deduce that, in sp(4, C), 
CS''^((1,1,2)) = {x = (^^,1/2) : < V < 1/2}, which is identical with the 0- 
complementary series of the centralizer of type Ai of the nilpotent (1, 1, 2). 

On the other hand, if one considers n = 0, fc = 2, we are in the case gl{2) C sp(4). 



J Ho, 



The only M^- types in the Indjj ^ {triv ® C^) are 2 x 0, 1 x 1 and 0x2. Then 



X = {—\ + v,\ + v), V > {). The operators are +1, j^^, and — [^ , ^j respectively. 
This shows X[M, h/2, u), v > Q if irreducible, it must be nonunitary. In this case, 
we know that X{M,h/2,v) is reducible at ;^ = 0. We deduce that, in sp(4,C), 
CS^{{2, 2)) = {x= (-1/2 + v,l/2 + v) -.v ^ 0}, which is the same as the unitary 
set for the centralizer, which is of type I?i, i.e. a one-dimensional torus. 

For exceptional groups, it is not true anymore that the relevant W- types appear 
with multiplicity 1, even if we induce from the trivial representation of Hm- Explicit 
calculations of the operators A^{wrm ^) £^rc done in |BC2] . 

Example 4.6.2. Let us consider G of type E^, O = Eq + Ai, so that m = 
Eq + Ai. The character is x = (0, 1,2,3,4, — |, — 1,4) + J^wj, i^ > 0, where cvr is the 
fundamental weight corresponding to the coroot dy. (Recall that we use Bourbaki's 
notation.) In this example, computing the determinants of A^(wm, v) turns out to 
be sufficient, we give below the table with the relevant VF- types which appear in 
this case. 
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W-type 


dim Hom-space 


Determinant of A^ (w,„ , v) 


8z 


1 


¥-- 


35, 


3 


(^ - >')^(^ - >')(JJ- - '^){§ - ^){| - i-) 


(4^ + >')2(4f + U){i^ + !.)(§ + ,.)(| + L-) 


112^ 


2 


(j# - .)H^ - -^x^ - -)'(§ -'-)(! - ^-jd - -) 


(^ + i-j^c^ + "'jc^ + "j^d + "'jd + --xl + '^) 


84, 


2 


(J^ - .^Vi^ - ^)(i!- - .'j^ll - ^){| - ^){f - i-Xi - -^) 


(i? +1^)2(11 +,.){4i +^)2{ 9 +^)(f +^){3 +i,){l +„) 



We plot the signatures of these determinants in a table: 



V 




1 

? 




3 

7, 




5 

? 




9 

7, 




il 

7. 




17 
2 




19 
2 




8. 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


+ 





- 


35, 


+ 


+ 


+ 


+ 


+ 





- 





+ 





- 





+ 





+ 


84, 


+ 





- 





+ 





- 





+ 





+ 





- 





- 


112. 


+ 


+ 


+ 





- 





+ 





- 





- 





+ 





+ 



Since X(Af, /i/2, t/) is irreducible at i^ = 0, we conclude that, in _E8, CS{Eq + 
Ai) = {x ■ < i^ < 1/2}, which is identical with the 0-complementary series of the 
centralizer which is type Ai. 

An example of a maximal parabolic nilpotent orbit with torus centralizer in £'§, 
and therefore with the unitary set formed only of i^ = 0, is O = D^ + A2. Similar 
tables as above arc available in that case, but we skip the details here. 

Remarks. There are three important remarks to be made which were assumed 
implicitly in the examples above: 

(1) The reducibility points of the induced module X{M,h/2,u) for z^ > 
are known a priori, by different methods (see [BClj and the references 
therein). Therefore, we can compare with the explicit calculations of op- 
erators A^lwrmi^), and see that the relevant VF- types do not miss any 
reducibility points. 

(2) The reducibility of X{AI, h/2, v), at 1/ = is known by geometric consider- 
ents ([KL]). 

(3) Whenever X{M,h/2,v) is reducible at z^ > 0, the spherical quotient is 
parameterized by a larger nilpotent O' 3 O. Therefore, whenever one is 
concerned with the orbit O, these reducibility points do not need to be 
considered. The unitarity of the corresponding modules was already checked 
in our inductive procedure. 

We summarize now the main consequence of these types of calculations. 



Proposition ( |Bal| . [BC2] ). Assume O is a maximal parabolic nilpotent orbit. 
Then a spherical module parameterized by x such that 0{x) = O is unitary if and 
only if the intertwining operators are positive semidefinite on the relevant W -types. 

We remark that one can obtain the unitarity results for maximal parabolic cases 
more easily if the constraint of working with relevant W-types only is removed. 
This is the approach of |BM3j and [BC1| . In there, one obtains the complementary 
series by checking the signature of two VF-types which are Springer representations 
for O and for an orbit O' consecutive to O in the closure ordering. 
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5.8. Induction. In this section, we exemplify the inductive step in the proof. We 
are still in the setting of the affine graded Hecke algebra. The main idea is as 
follows: assume wc start with a parameter x = h/2 + v associated to 0, where O 
is not a maximal parabolic nilpotcnt. Let M and X(M, /i/2, v) be as in lemma [5771 
One knows explicitly for which values of v the module X{M,h/2,i^) is reducible. 
If z^ = :^i is such a value (and i^i is dominant with respect to the roots in n), then 
the spherical module L(xi), where xi = h/2 + vi, is attached to a nilpotent orbit 
Oi , with the property that 

Oi D (5 and Oi 7^ 6. (5.8.1) 

By induction, we already know if i(xi) is unitary or not. 

Lemma (1). Let x{t) = h/2 + v{t) : [0, 1] ^ f) he a continuous function, such that 
x{t) = Xo o-nd x(l) = Xi- Assume that X{M, h/2, ^{t)) is irreducible for < t < 1 
and X{M, h/2, vi) is reducible. 

If L{xi) is not unitary, then £(xo) = ^iM, h/2, vq) is not unitary as well. 

This well-known criterion for nonunitarity can be applied therefore, and it is the 
main tool for ruling out nonunitary parameters. Of course, in general, there are 
many delicate combinatorial issues that arise; in the classical cases, one needs to 
choose carefully how to deform parameters x = h/2 + v. In the exceptional groups, 
another complication arises: there are cases {e.g. in (5 = 2A2 C Eg) of parameters 
X = XOi which turn out to be nonunitary, but in all possible deformations as in 
lemma ISTST l). the modules i(xi) are unitary. In those cases we apply some ad-hoc 
signature arguments. 

The second (again well-known) criterion which we employ is the following com- 
plementary series method. 

Lemma (2). Let x{t) — ^/2 + i^(t) : [0, 1] ^ f) be a continuous function, such that 
x{t) = Xo o.nd x(l) — Xi- Assume that 

(a) X{M, h/2, ^{t)) is Hermitian and irreducible for < t < 1, and 

(1) X{M, h/2, vi) is unitarily induced, i.e. X{M, h/2, vi) ~ Indjj^ ^ (Va/')j where 

M' is a Levi component, Va/' is a Hermitian spherical module for Hj\/' . 
Then L{xo) ~ X{M, h/2, vq) is unitary in Hg if and only if Vm' is unitary in 
Hm'. 

Since, by induction the unitarity of Hj^/' -modules is known, we can apply this 
criterion. This is our main criterion for proving the unitarity of modules L{x). 

Example. To illustrate this discussion, we conclude the section with a simple 
example. Consider O — (l'^,2) in .sp(6, C), so m = gl{l)^ x sp{2). We write 
X = (yi,V2,^/2), where by conjugation with the Weyl group, we can assume 
that < z^2 < vi. The centralizer has type C2 in this case. The lines where 
X{M,h/2,{vi,V2)) becomes reducible are drawn in figure [578] In this picture, 
the solid lines denote unitary spherical parameters, while the dotted lines denote 
nonunitary parameters. The reducibility lines (in the Hecke algebra case) are: 

. VI = 1/2, 1^2 = 1/2: 0{x) = (2211); 
. VI = 3/2, V2 = 3/2: 0(x) = (411); 
, vi±V2 = l: 0(x) = (222). 
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Nilpotent (21*) in sp(6, 



.ifv3 



Figure 2. Example: O = (21'') for the Hecke algebra of type C3 

On the lines V2 = 0, and v\ = 1^21 the module is unitarily induced from a spherical 
module parameterized by (211) in sp(4, C), respectively (11) in gl{2,C). 
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6. Lists of unitary spherical parameters 

In this section, we give tables with the expheit description of the spherical unitary 
parameters for split p-adic groups as in theorem 1 5. 4. II By theorems l5.4.3l and l5.4.4[ 
these lists also describe the spherical unitary dual for split real classical groups, and, 
by |Vo2| . also for G2- For real split F4,Eq,Ej, Eg, the tables represent the only 
spherical parameters which could be unitary, and it is natural to expect that, in 
fact, this is the spherical unitary dual in these cases as well. 

6.1. Examples of classical groups. 

6.1.1. A4. 

Table 5: Table of spherical unitary parameters for A4 






X 


unitary v 


(5) 


(-2,-1,0,1,2) 




(41) 


(-3/2,-1/2,0,1/2,3/2) 




(32) 


(-1,-1/2,0,1/2,1) 




(311) 


(-1,0,1, -//,!/) 


< i^ < 1/2 


(221) 


(-1/2 - u, 1/2 - u, 0, -1/2 + u, 1/2 + u) 


< z^ < 1/2 


(21") 


{-1/2,0,1/2, -u,i^) 


< z^ < 1/2 


(1^) 


(-1^2, — i^l, 0, Ul, V2) 


Q<V2<1^2 < 1/2 



6.1.2. Bi. 



Table 6: Table of spherical unitary parameters for Bi 



6 


X 


unitary v 


(8) 


(1/2,3/2,5/2,7/2) 




(62) 


(1/2,1/2,3/2,5/2) 




(611) 


(;.,l/2,3/2,5/2) 


< i^ < 1/2 


(44) 


(-3/2 + V, -1/2 + V, 1/2 + V, 3/2 + v) 


u = Q 


(422) 


(-1/2 + !/, 1/2 + //, 1/2, 3/2) 


Q<u <1 


(4211) 


(/.,l/2,l/2,3/2) 


< !/ < 1/2 


(41") 


(//1, 1^2, 1/2, 3/2) 


Q<ur<U2< 1/2 


(332) 


(-1 + //,!^, 1 + //, 1/2) 


< !/ < 1/2 


(3311) 


(-1 + 1^1,1^1,1 + //l,I^2) 


< z/i < 1/2, < 1^2 < 1/2 


(2") 


(-1/2 + v^, 1/2 + vx, -1/2 + V2, 1/2 + V2) 


Q<vx<V2< 1/2 


(2m) 


{-1/2 + 1^^,1/2 + i^x,V2,l/2) 


< ;/i < 1/2, < i^2 < 1/2 


(22T*) 


{ui,V2,-l/2 + V3,l/2 + Us) 


!/3 = 0, Q<iyi<V2 < 1/2 


(21") 


{vi,V2,V'i, 1/2) 


Q<v^<V2<v:i< 1/2 


(1«) 


{vi,V2,V-i,Vi) 


Q<Vx<V2<Vs<l^A< 1/2 



6.1.3. Ci. 



Table 7; Table of spherical unitary parameters for C4 






X 


unitary v 


(9) 


(1,2,3,4) 
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Table 7 - continued from 


previous page 




o 


X 


unitary v 


(711) 


(//,1,2,3) 


!^ = 


(531) 


(0,1,1,2) 




(522) 


(-l/2 + !/,l/2 + !y,l,2) 


< z^ < 1/2 


(441) 


(-3/2 + i/, -1/2 + V, 1/2 + V, 3/2 + v) 


< !^ < 1/2 


(51*) 


(yx.v^,\,2) 


< !/l < 1^2 < 1 — i^l 


(333) 


(-1 + 1/,!/, 1 + :/, 1) 


0<V <1 


(331") 


(—1 + V\, V\, 1 + V\, V-2) 


1^1 = 0, < !^2 < 1 


(32211) 


(-l/2 + ;/i,l/2 + ;/i,i/2,l) 


!^2 = 0, < ;/i < 1/2 


(31^) 


(yx,V2,vz,\) 


f3 = 0, < !^1 < 1^2 < 1 — i^l 


(2*1) 


(-1/2 + !^i, 1/2 + Vx, -1/2 + V2, 1/2 + V2) 


< i^l < !^2 < 1/2 


(221=^) 


{-1/2 + vi.1/2 + vi.V2,va) 


Q<Ul< 1/2, < i^2 < !/3 < 1 - 1^2 


(1") 


{vi,V2,V3,Vi) 


< 1^1 < i^2 < J'S < !^4 < 1 — J'S 
< I/l < 1/2 < t'a < 1 — i^2 < 2^4 < 1 — 


Vl 



6.1.4. D4. 



Table 8: Table of spherical unitary parameters for D4, 






X 


unitary v 


(71) 


(0,1,2,3) 




(53) 


(0,1,1,2) 




(51") 


(i^,0,l,2) 


0<u <1 


(44)+ 


(-3/2 + V, -1/2 + u, 1/2 + u, 3/2 + :/) 


Q<u <l/2 


(44)- 


(3/2 - u, -1/2 + u, 1/2 + i^, 3/2 + i^) 


< z^ < 1/2 


(3311) 


{ui, —1 + V2, V2, 1 + 1^2) 


!/l = 0, i^2 = 


(31") 


(i^l,i/2,0,l) 


< !/l < 1^2 < 1 — i^l 


(2")+ 


(-1/2 + ^^1, 1/2 + ui, -1/2 + 1^2, 1/2 + V2) 


< 1^1, !/2 < 1/2 


(2*)- 


(1/2 - !/i, 1/2 + !/i, -1/2 + i.2, 1/2 + V2) 


Q<V^,V2 < 1/2 


(221*) 


{-1/2 + Vl,l/2 + V2,U3,Va) 


< !/l < 1/2, < |!/2| < !^3 < 1 - ^2 


(1«) 


{Vl, V2,Vs, Vi) 


< 1 i^l 1 < i^2 < i^3 < 2^4 < 1 — f3 
< !/l < 1/2 < J^a < 1 - Z^2 < 2^4 < 1 - J'l 



6.2. Exceptional groups. The tables contain the nilpotent orbits O 7^ in the 
notation of [Car] (the case = was recorded in section 15. 3p . the Hermitian 
infinitesimal character, and the coordinates and type of the centrahzer. 

The nilpotent orbits which are exceptions are marked with * in the tables. The 
complementary series for them are fisted after the tables. For the rest of the nilpo- 
tent orbits, an infinitesimal character x is in the complementary series if and only 
if the corresponding parameter v is in the 0-complementary series for ^{O). The 
parameter v is given by a string (i^i, . . . , i/^), and the order agrees with the way the 
centrahzer 3(0) is written in the tables. The parts of v corresponding to a torus Ti 
or T2 in 3(0) must be 0, in order for x to be unitary. In addition, if v corresponds 
to Ai , the complementary series is < ;/ < ^ , while the notation A^ means that it 
is < I' < 1. li a. string (I'l, . . . , i^k) of f corresponds to type Ak, the last k — [|] 
entries must be in order for x to be unitary. For example, in the table for Es, for 
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the nilpotent Ai + Ai, the z^-string is {vi, 1^2, 1^3) and the centrahzer is A2+T1. This 
means that the unitary parameters are those for which z^a = (this is the Ti-piece), 
1/2 = and < z^i < ^ (this is the 0-complemcntary series of ^2)- 

There is one difference in Eq due to the fact that we only consider Hermitian 
spherical infinitesimal characters x- In this table, the j/-string already refers to the 
semisimple and Hermitian spherical parameter of the centrahzer. For example, the 
nilpotent A2 + Ai in Eq has centrahzer A2 + Ti, and the corresponding x has a 
single ly. This v corresponds to the Hermitian parameter in the A2 part of 3((5), so 
it must satisfy < i^ < i. 

6.2.1. 6*2. 

Table 9: Table of parameters {O, i^) for G2 



6.2.2. Fi. 






X 


iiO) 


G2 


(1,2,-3) 


1 


G2{ai) 


(0,1,-1) 


1 


Ai 


{l,-l + u,-'^-u) 


Ai 


Ar 


i-^ + u,^+u,-2u) 


Ai 



Table 10: Table of parameters ((5, v) for F4 



6 


X 


3(0) 


Fi 


I 2 ' 2' 2' 2^ 


1 


F4{ai) 


V 2 ' 2 ' 2 ' 2,1 


1 


Fi{a2) 


(-5 111) 
I2' 2' 2' 2/ 


1 


Cs 


(-,14-^) 


Ai 


Bi 


(|+;/,-|+Z.,|,i) 


Ai 


Fiias.) 


V 2 ' 2 ' 2 ' 2 / 


1 


C3(ai) 


(-4,^,^) 


Ai 


A1+A2 


U+2'4+2' 4+2' 4+2-' 


Ai 


B2 


(!/l,!/2,|,i) 


2Ai 


Ai + A2 


(l+2i.,l.,-l + i.,i) 


Ai 


A2 


(^2 + %^,l + f,f,-l + f) 


G2 


A2 


(i + J/1 + 1/2, -i + !/l, -^ + P2, i) 


Ai+Ti 


*Ai + Ai 


(//l,|+J/2,-i+I/2,i) 


Ai + Ai 


Ai 


(z/l + 1/2, Z/1 - Z/2, 1 + J/3, -| + 2/3) 


B2+T1 


Ai 


(^/l, 1/2, J/3, 1) 


Cs 



F4 exception: 



Ai+Ai: 
6.2.3. Eg. 



{vi + 2l/2 < I, i/i < ^} U {2i/2 - !/i > |, J/2 < !}■ 



DAN BARBASCH, DAN CIUBOTARU, AND ALESSANDRA PANTANO 
Table 11: Table of Hermitian parameters {0,v) for Ea 



o 


X 


i{0) 


Ee 


(0,1,2,3,4,-4,-4,4) 


1 


Ec,{a{) 


(0,1,1,2,3,-3,-3,3) 


1 


D5 


/11335 5 55\ 
V2'2'2'2'2' 2' 2'2-' 


Ti 


Eeiaa) 


(0,0,1,1,2,-2,-2,2) 


1 


Ds{a^) 


/ 1 :i ;3 5 Y Y Y \ 

V4'4'4'4' 4' 4'4/ 


Ti 


Ar, 


/ 11 7 315555\T/ 11111 1 11\ 
V 4' 4' 4'4'4' 4' 4'4/^V2'2'2'2'2' 2' 2'2'' 


Ai 


A4 + A1 


/riiii;:! 3 3:5\ 
V"' 2 ' 2 ' ' 2 ' 2 ' 2 ' 2 / 


Ti 


Di 


(0,1,2,3,1/, -!/,-!/,!/) 


A2 


Ai 


(-2,-l,0,l,2,0,0,0) + //(i,i,i,i,i,-i,-i,i) 


AiTi 


Di{ai) 


(0,0,1,1,1,-1,-1,1) 


r2 


A-i + A^ 


/S 13 b 1 3 33n, (-11111 1 J-i"; 
V 4' 4'4' 4' 4' 4' 4' 4'' -^ \ 2 ' 2 ' 2 ' 2 ' 2 ' 2' 2 ' 2 '' 


AiTi 


2A2 + Ai 


(0, 1, -|, -i, i, -i, -i, i) + 1.(0,0, 1, 1, 1, -1, -1, 1) 


Ai 


Az 


('_3 _1 L ± n n C) r)\ I ('^ ILL iLL }^ !^ _£2 _i2. i2.\ 
V 2' 2'2'2''''/^V2'2'2'2'2' 2' 2' 2/ 


B2T1 


A2 + 2^1 


/b 1 a a 1 1 1 1 \ 1 .v 1 1 1 3 a a a a\ 

l4'-4' 4'-4' 4'~4'^4' iJ + ^^l^ 2 ' 2 ' 2 ' 2 ' 2 ' " 2 ' " 2 ' 2 i 


AiTi 


2A2 


/ 1 1 3 11 1 1 In 1 

I 2'2' 2' 2'2' 2' 2'2-'^ 

/ U2 i.2 2/^1+1^2 2l/i+i^2 2/^1+1^2 2lJ-i+1^2 2l/i+I/2 2i^i+/y2\ 

V2'2' 2' 2' 2' 2' 2' 2/ 


G2 


A2 + A1 


V 2'2' -^5^5 2' 2' 2'2/^V2'2'2'2'2' 2' 2 '2/ 


A2ri 


A2 


(0,-1,0,1,0,0,0,0) + (^^^J^,^^^^, 

— 1/1+7^2 — fl+J^g [^l+'^2 —1^1+1^2 — l^l + t'2 '^l+'-^2\ 

2' 2'2' 2' 2'2-' 


2A2 


3yli 


(0, l,-i,i,0,0,0,0) + (0,0,!/l,!/2,l'l,-!^l,-!^l,!^l) 


^2^1 


2A-i 


(-54.-1.1.0.0,0,0)+ 

/ -1/1 + 1^2 -1^1+I'2 1^1 + I'2 1^1 + 1^2 I'l VI VI 1^1 \ 
V 2 . 2 . 2. 2.2. 2' 2.2-' 


BsTj 


Ai 


(i,i,0,0,0,0,0,0) + (^^^^,^ii^, 

-■'l + ''2 1 ,, vx-,^2 1 , ■^1 + 1'2 ■^1+1^2 VI+V2 Vx + ,J2\ 
2 1"^, 2 '"o; 2. 2. 2' 2 ' 


A5 



6.2.4. E7. 



Table 12: Table of parameters (O, ly) for £7 






X 


3(0) 


£7 


(0,1, 2, 3, 4, 5,-^, if) 


1 


Eriai) 


(0,l,l,2,3,4,-f,f) 


1 


E7{a2) 


(0,1,1,2,2,3,-^,^) 


1 


E-rias.) 


(0,0,1,1,2,3,-^,1) 


1 


Ee 


(0, 1, 2, 3, 4, -4, -4, 4) + !.(0, 0, 0, 0, 0, 1, -i, i) 


A{ 


De 


(0, 1, 2, 3, 4, 5, 0, 0) + //(O, 0, 0, 0, 0, 0, -1, 1) 


Ar 


Eaiai) 


(0, 1, 1, 2, 3, -3, -3, 3) + 1^(0, 0, 0, 0, 0, 1, -i, i) 


Ti 


ET{ai) 


(0,0,1,1,1,2,-1,1) 


1 


De{ai) 


(0, 1, 1, 2, 3, 4, 0, 0) + //(O, 0, 0, 0, 0, 0, -1, 1) 


Ai 


Ae 


1 1 5 3 113 33-,,/ 111111 ii\ 
V 2. 2. 2. 2.2.2. 2.2/-'-V2.2.2.2.2'2. ./ 


A{ 


D5+A1 


(0,1, 2, 3,-1,-1,-2,2) + 1/(0, 0,0, 0,1, 1,-1,1) 


Ai 


Ev{a,) 


(0,0,l,l,l,2,-t,t) 


1 


De{a2) 


(0, 1, 1, 2, 2, 3, 0, 0) + //(O, 0, 0, 0, 0, 0, -1, 1) 


Ai 


A5 + A1 


iVV Y 31b9 J-J-~14_,,/'iiJ-J-ii 33-, 
V4. 4. 4.4.4.4. A^ Af ^ \ 2.2'2.2.2.2. 2.2/ 


Ai 


Db 


(0, 1, 2, 3, -2, -2, -2, 2) + i/i(0, 0, 0, 0, 1, 1, -1, 1) 
+1/2(0,0,0,0,-1,1,0,0) 


2Ai 


Eii{as) 


(0, 0, 1, 1, 2, -2, -2, 2) + 1/(0, 0, 0, 0, 0, 1, -i, i) 


Ai 
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o 


X 


i{0) 


D5{ai)Ai 


(0, 1, 1, 2, -2, -1, -|, 1) + 1.(0, 0, 0, 0, 1, 1, -1, 1) 


A\ 


(A,)' 


(-|,-|,-i,i,|,|,0,0) + //i(0,0,0,0,0,0,-l,l) 


ArA\ 


Ai + A2 


(0, 1, 2, -2, -1, 0, -1, 1) + 1.(0, 0, 0, 1, 1, 1, -|, I) 


A{ 


{A,)" 


(§,-f,-i,i,f,§,0,0)+//2(0, 0,0, 0,0, 0,-1,1) 

_j_ / 111111 33\ 
'1 V 2'2'2'2'2'2' 2'2/ 


G2 


Dsia,) 


(0, 1, 1, 2, 3, 0, 0, 0) + i.i(0, 0, 0, 0, 0, 0, -1, 1) 
+1.2(0, 0,0,0,0,l,-i,i) 


AiT^ 


A4 + A1 


fi) b iilY i ii\,|'iiiiii 11-, 
U' 4' 4' 4' 4' 4' 2' 4-* ^ '^lV2 ' 2' 2' 2' 2 ' 2' ''^ '') 

+1.2(0, 0,0,0,0,l,-i,i) 


T2 


D4+A1 


(0,l,2,3,-i,i,0,0) + :/i(0,0,0,0,-i,-i,-i,i) 
+i.2(0,0,0,0,i,i,-i,i) 


B2 


A3A2A1 


(0, 1, -2, -1, 0, 1, -i, i) + i.(0, 0, 1, 1, 1, 1, -2, 2) 


Ai 


A4 


(0, -2, -1, 0, 1, 2, 0, 0) + 1^1(0, 0, 0, 0, 0, 0, -1, 1) 

1 (- 111111 33\| (-111111 11-, 
I'^'^y 2'2'2'2'2'2' 2'2/~'~'^V2'2'2'2'2'2' -'-'-'-/ 


A2T1 


A3 + A2 


(0, 1, 2, -1, 0, 1, 0, 0) + 1.1(0, 0, 0, 0, 0, 0, -1, 1) 
+1.2(0,0,0,1,1,1,0,0) 


AjTj 


Di 


(0, 1,2,3,1.2 — i'i,i'2 + 1^1, —1^3,1^3) 


C3 


D4{ai)Ai 


(0, 1, 1, 2, -i, i, 0, 0) + (0, 0, 0, 0, U2, V2, -ui, vi) 


2Ai 


A3 + 2Ai 


(0, l,-|,-^,i, I, 0,0) + (0,0,1.2,^/2, 1^2, 1^2, -i^l,!/l) 


2Ai 


Diiai) 


(0, 1, 1,2,1.2 — 1^3, 1^2 + 1^3, —l^l,Ul) 


3.4i 


{A-i+AiY 


(0, 1, 2, 0,-f,i, 0,0) + (0,0,0,2/^2, 1^3, J/3,-;/i,i/i) 


3^1 


2A2 + Ai 


(|,-i,f,-|,-i,f,-i,i) + /.i(l, -1,-1, 1,1, 1,0,0) 

1 / 111111 33\ 
~l~l^2\ 2'2'2'2'2'2' 2'2/ 


2Ai 


(As+Ai)" 


V2' 2'2'2' 2'2'' ^/^^ 
/ L-i ui v\ ui 1^3 — 1^2 ^3 — ^2 '^3+1^2 i^3 + '-^2 \ 
V 2'2'2'2' 2 ' 2 ' 2 ' 2 / 


S3 


A2 + 3Ai 


(0, 1, -1, 0, -1, 0, -i, i) + /.i(0, 0, 1, 1, 1, 1, -2, 2) 
+1/2(0,0,0,0,1,1,-1,1) 


G2 


2A2 


(-i,i,-|,-i,i,-i-ii) + !/i(0, 0,1, 1,1, -1,-1,1) 
+;.2(ii,ii,i,-|,-|,|)+i/3(0,0,0,0,0,l,-i,i) 


G2A, 


A3 


(0, l,2,i.i,l/2,//3,i/4) 


B3A1 


*A2 + 2Ai 


(0, 1, -1, 0, 1, 0, 0, 0) + (0, 0, V2, //2, 1/2, V3, -//I, //i) 


Ai2A'i 


A2 + A1 


(1, 0, 1, 0, -i, i, 0, 0) + (0, 0, 0, 0, U2, V2, -//I, i/i) 

+ !/3(0,0,0,l,l,l,-f,|)+Z/4(-i,i,i,i,i,i,-|,|) 


A3T1 


4Ai 


(0,l,-i,i,-i,i,0,0) + (0,0,I/3,//3,J/2,I/2,-//l,i/l) 


C3 


A2 


(1, 0, 1, 0, 0, 0, 0, 0) + (0, 0, 0, 0, i/2 - 1/3, 1^2 + !/3, -vx,v\) 
+ l.4(-ii,ii,i,i,-|,|)+//5(0, 0,0, 1,1, 1,-1,1) 


As 


(3^1)' 


(^5'?'^i'^'-^'l'0'0) + {yx,VY,V2,V2,V3,V3,-V4,V4) 


C3A1 


(3Ai)" 


(|,^,— ^,|,-|,|,0, 0) + ( — !/4,l^4,I/3,i/3,;/2,I/2,— //l,//l) 


F4 


2Ai 


(0, l,i/l,i/2,I/3,i/4,-!/5,I/5) 


B4A1 


Ai 


/ '.l+(^2+'^3 — '.4 '.l+'.2 — '.3+'.4 J.!— (.2 + '.3 + ^4 — 1^1 +I.2+'^3+'.4 
\ 2 ' 2 ' 2 ' 2 ' 

2^ 2 '2' 2 ' 2-2'' 


D(. 



E7 exception: 

A2 + 2Ai. Three regions: {0 < z/i < i, < 1/2 < 1, < 
{0< i/i < i,0<i/2 < 1,0< ^ ■ "'" '" 

{0 < " " 1 



< 1/3 < 1, -J/l -L ^^ ^ ^ - 3 

!/l < |,0<I/2 < 1,0< 



I < ^^3 < 1, ^ 



' 2 ' 2 2' 1 

'^s -^ 3 ,, I 3i.2 



, 3 _ . , Sl/o 1/^ ^ 3 1 



£3 < 3| 
2 ^ 2J- 



- f > §}, and 
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6.2.5. Eg. 



Table 13: Table of parameters {O, v) for _Eg 



o 


X 


iiO) 


Es 


(0,1,2,3,4,5,6,23) 


1 


Es{ai) 


(0,1,1,2,3,4,5,18) 


1 


Es{a2) 


(0,1,1,2,2,3,4,15) 


1 


Esias) 


(0,0,1,1,2,3,4,13) 


1 


Es{a4) 


(0,0,1,1,2,2,3,11) 


1 


Ej 


(0,l,2,3,4,5,-^,^) + ;/(0,0,0,0,0,0,l,l) 


Ai 


Esibi) 


(0,0,1,1,1,2,3,10) 


1 


Esias) 


(0,0,1,1,1,2,2,9) 


1 


Eriai) 


(0,l,l,2,3,4,-f,f) + ;/(0,0,0,0,0,0,l,l) 


Ar 


Es{bs) 


(0,0,1,1,1,2,3,8) 


1 


Dr 


(0, 1, 2, 3, 4, 5, 6, 0) + u{Q, 0, 0, 0, 0, 0, 0, 2) 


Ai 


Esiae) 


(0,0,1,1,1,2,2,7) 


1 


Er(a2) 


(0, 1, 1, 2, 2, 3, -ii, i^) + v{0, 0, 0, 0, 0, 0, 1, 1) 


A, 


Ee + Ai 


(0,1,2,3,4,-1,-1, 4) +1.(0, 0,0, 0,0, 0,1, 1,2) 


Ai 


D7{ai) 


(0, 1, 1, 2, 3, 4, 5, 0) + u{0, 0, 0, 0, 0, 0, 0, 2) 


Ti 


Esibe) 


(0,0,1,1,1,1,2,6) 


1 


Erias) 


(0, 0,1, 1,2, 3,-|,|) + t/(0, 0,0, 0,0, 0,1,1) 


Ai 


E6{ai)Ai 


(0, 1, 1, 2, 3, -|, -|, 3) + v{Q, 0, 0, 0, 0, 1, 1, 2) 


Ti 


Ar 


(, 41 45 4) 4) 4) 41 41 4J "T '.(,2 ' 2' 2' 2' 2 ' 2' 2' 2-' 


Ti 


Ee 


(0, 1, 2, 3, 4, -4, -4, 4) + i/i(0, 0, 0, 0, 0, 1, 1, 2) 
+1^2(0,0,0,0,0,0,1,1) 


G2 


De, 


(0, 1,2, 3,4,5, i/i, 1^2) 


B2 


D5+A2 


(0, 1, 2, 3, -3, -2, -1, 2) + 1/(0, 0, 0, 0, 1, 1, 1, 3) 


Ti 


Ea{ai) 


(0, 1, 1, 2, 3, -3, -3, 3) + V2{Q, 0, 0, 0, 0, 1, 1, 2) 
+i/i(0, 0,0, 0,0, 0,1,1) 


A2 


Erim) 


(0, 0, 1, 1, 1, 2, -|, 1) + v{Q, 0, 0, 0, 0, 0, 1, 1) 


Ai 


^6+^1 


^13 9 5 1 3 7 11 1-, 1 (• 1 1 1 1 1 1 1 7\ 

V45 45 45 454545 414^^^\ 95^5^5^595^5^59^ 


Ai 


Deiai) 


(0, 1, 1, 2, 3, 4, 0, 0) + !/i(0, 0, 0, 0, 0, 0, -1, 1) 
+(0,0,0,0,0,0,1,1) 


2Ai 


A^ 


(-3,-2,-l,0,l,2,3,0) + j.2(i,i,i,i,i,i5^,^) 

_|_ ( 1 1 1 1 1 l'^\ 


2Ai 


Esiar) 


(0,0,0,1,1,1,1,4) 


1 


D5+A1 


(0, 1, 2, 3, 4, -i, i, 0) + 1/1(0, 0, 0, 0, 0, 0, 0, 2) 
+:/2(0, 0,0, 0,0, 1,1,0) 


2Ai 


Erias) 


(0, 0,1, 1,1,2,-1, |) + i/(0, 0,0, 0,0, 0,1,1) 


A, 


E6{as)Ai 


(0, 0, 1, 1, 2, -|, -|, 2) + u{0, 0, 0, 0, 0, 1, 1, 2) 


A, 


Deiai) 


(0, 1,1, 2,2,3, -!/i + ;/2, 1^1 + 1^2) 


2Ai 


D5iai)A2 


(0, 1, 1, 2, -f,-f,-i,f) +1.(0, 0,0, 0,1, 1,1,3) 


Ai 


As+Ai 


(3.-X'-3'-!'i.i.i.3) + '^2(-1.0,0,0,0,0,0,l) 

1 /31111113\ 
^'^H2' 2'2'2'2'2'2'2'' 


2Ai 


A4 + An 


(0, 1, 2, -f , -i, -i i, 1) + 1.(0, 0, 0, 1, 1, 1, 1, 4) 


Ai 


Ds 


(0,1, 2,3,4,1.1, 1/2,^/3) 


Bi 


Eeiaa) 


(0, 0, 1, 1, 2, -2, -2, 2) + 1.1 (0, 0, 0, 0, 0, 1, 1, 2) 
+1.2(0,0,0,0,0,0,1,1) 


G2 


D4. + A2 


(0, 1, 2, 3, -1, 0, 1, 0) + !.2(0, 0, 0, 0, 1, 1, 1, 3) 
+1.1(0,0,0,0,0,0,0,2) 


A2 
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o 


X 


l{0) 


*AiA2Ai 


(0, 1, -§, -f , -i, i, f , i) + KO, 0, 1, 1, 1, 1, 1, 5) 


Ai 


*D5{ai)Ai 


(0,1,1,2,3,-1+1^2,1 + 1/2,21^1) 


A{A, 


^5 


/5 3 '^ '^ '•'■ ^ n C\\ 4- 1, ( 111111 33\ 
V2' 2' 2'2'2'2''''~'~-'-v 2'2'2'2'2'2' 2'2'' 

+V2{Q, 0, 0, 0, 0, 0, -1,1) + 1/3(0, 0, 0, 0, 0, 0, 1, 1) 


G2A^ 


*A4, + A2 


(-i, i, -I, -I, -i,i,|,i) + 1/2(1,1,0, 0,0, 0,0,0) 

+1/1(0,0,1,1,1,1,1,5) 


2Ai 


Ai + 2Ai 


(0, 1, -2, -1, 0, 1, 2, 0) + 1/1(0, 0, 0, 0, 0, 0, 0, 2) 
1/2(0,0,1,1,1,1,1,0) 


AiTi 


OsK) 


(0,1,1,2,3,1/3,1/2,1/1) 


A3 


2A3 


(0, 1, 2, -|, -i, i, I, 0) + 1/2(0, 0,0, i, i, i, i, 1) 


B2 


A4. + A1 


(0, 1, 2, -|, -i, -1, -1, 1) + 1/2(0, 0, 0, 0, 0, 1, 1, 2) 
+1/1(0, 0,0, 0,0, 0,1,1) + 1/3(0, 0,0, 1,1, 1,1, 4) 


A2ri 


Di{ai)A2 


(0, 1, 1, 2, -1, 0, 1, 0) + 1/1(0, 0, 0, 0, 1, 1, 1, 3) 
+1/2(0,0,0,0,0,0,0,2) 


A2 


Di + Ai 


(0,1,2, 3,-i,i, 0,0)+ 
(0,0,0,0,1/1,1/1,-1/2 + 1/3,1/2 + 1/3) 


Cz 


A3A2A1 


(0, 1, -2, -1, 0, 1, -i, i) + 1/1(0, 0, 1, 1, 1, 1, -2, 2) 
+1/2(0,0,0,0,0,0,1,1) 


2Ai 


Ai 


(0,-2,-1,0,1,2,0,0)+ 

(1/4,-1/1 +I/2,l/3,l/3,I/3,i/3,i/3,J/l +V2) 


A4 


A-i+A2 


(0, 1, 2, -1, 0, 1, 0, 0) + (0, 0, 0, 1/3, 1/3, 1^3, i/i, i/2) 


B2T1 


Di{ai)Ai 


(0, 1, 1, 2, -i, i, 0, 0) + (0, 0, 0, 0, 1/1,1/1, -1/2 + 1/3, J/2 + 1/3) 


3Ai 


Ai + 2Ai 


(0,l,-|,-i,i, 1,0,0) + (0,0, 1/1, 1/1, 1/1,1/1, 1/2, 1/3) 


A1B2 


2A2 + 2Ai 


(0,l,-f,-i,i,-l,0,i) + 1/1(0, 0,-i,-i,-i,l,l,i) 
+1/2(0,0, i,i,i, 0,0,1) 


B2 


D4 


(0, 1, 2, 3, 1/3 - 1/4, 1/3 + t/4, 1/1 - 1/2, vi + 1/2) 


i^4 


D4(ai) 


(0, l,l,2,I/4,!/3,!/2,I/l) 


1)4 


^3+^1 


(0, 1, 2, -^, i, 0, 0, 0) + (0, 0, 0, 1/1,1/1, 1/2, 1/3, va) 


A1B3 


2A2 + y4i 


(0,l,-|,-i,i,-i,-i,i)+ 1/1(0, 0,1, 1,1, -1,-1,1) 
+1/2(0, 0, 0, 0, 0, 1, 1, 2) + 1/3(0, 0, 0, 0, 0, 0, 1, 1) 


A1G2 


2yl2 


+'^2(iiiii-i-i5) + ^3(0,0,0,0,0,l,l,2) 

+1/4(0,0,0,0,0,0,1,1) 


2G2 


*A2 + 3Al 


(0, 1, -1, 0, -1, 0, -i, i) + 1/1(0, 0, 1, 1, 1, 1, -2, 2) 
+1/2(0, 0, 0, 0, 1, 1, -1,1) + 1/3(0, 0, 0, 0, 0, 0, 1, 1) 


G2/4i 


^3 


(0, 1, 2, vi, 1/2, 1/3, J/4, 1/5) 


B5 


*^2 + 2Al 


(0, 1, -1, 0, 1, 0, 0, 0) + (0, 0, 1/1,1/1,1/1,1/2, 1/3,2/4) 


A1B3 


^2 +^1 


(l,0,l,0,-i,i,0,0)+ 

( — 1/5, 1/5, 1/5, 1/4, 1/3, 1/3, -1/2 +1/1,1/2 + l/l) 


As 


*4Ai 


(0,l,-^,i,-i,i,0,0)+ 

(0,0,1/1,1/1,1/2,1/2,-1/3 +1/4,1/3 + 2/4) 


G4 


^2 


/ 1^1— z^2— '/3+'/4 — fl+I^2— f/S+i^a — f^l— '^2 + ^3 + '/4 
V 2 ' 2 ' 2 ' 
vl+l^2 + ^?.+l^A 1 1 J/S — f/e 1/5—^6 1 1 '/5— '/6 '/5+3l^6\ 
2 l-*-! 2' 2'' 2' 2/ 


£6 


3^1 


(i'I'-I'l'-|'i'0'0) + (-^4'^4''^3'^3'^2,I/2,-l/l,l/l) 
+ 1/5(0,0,0,0,0,0,1,1) 


i^4Al 


2Ai 


(0, 1, 1/1, 1/2, 1/3, 1/4, 1/5, i/e) 


Be 


Ai 


|"/l+l'2+'/3-'/4 I'l+l/2-'/3+''4 1/1- 1^2 + 1^3 + 1/4 -1/1 +'/2 + >'3 + '/4 
V 2 ' 2 ' 2 ' 2 ' 
— 1/5 — 1^6 + 21^7 1 1 —1/5 + 1^6 1 1 —1/5+1/6 1^5 + 1/6+21^7 A 
2 '2' 2'2l 2' 2 -< 
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Eg exceptions: 

A4 + A2 + A1. {0< j.<^}. 

D5(ai) + Ai. Two regions: {0 < 1^2 < ^,2i^i + i^2 < |}, and {0 < t^i < l,2zyi-i^2 > 

2J- 

A4 + A2. Two regions: {0 < 1^2 < 5, 51^1 + 1^2 < 2}, and {0 < i^i < ^,5vi-i^2 > 2}. 
A2 +3Ai. Four regions: {3i/i + 2i^2 < 1,0 < us < 5}, {2i'i + i'2 < 1 < 3i^i + i^2,0 < 

i/3 < i, 3i^l + 2z^2 + !^3 < §}, {2!^l + 7^2 < 1 < 3j^i + i^2, < J^3 < 5, 3i^l + 1^2 + i^3 < 



I < 31^1 + 21^2 - 1^3}, and {2i^i + 1^2 < 1 < 3i^i + 1^2, < 1^3 < 5, 3z^i + 2i^2 - 

I < 3!^i + 1/2 + ^^3} ■ 

A2 + 2Ai. Seven regions: {0 < i^i < 1,1^3 + 1^4 < 1,31^1 + 1^2 + J^3 + 1^4 < 3}, 

{0 < Z/i < 1,1^3 + 1^4 < 1, 3i^i + 1^2 — i^3 + i^4 < 3 < 31^1 — 1^2 + 1^3 + 1^4}, {0 < i^i < 
1, i^3 + i^4 < 1, 3l^i — 1^2 — J^3 + J^4 > 3}, {0 < I'l < 1, 1^3 + 1/4 < 1, 3;/i + 1^2 + 1^3 — 1^4 > 
3}, {0 < I'l < 1,1^2 +1^4 > 1,1/2 + 1^3 < l,i^4 < 1,3^/1 + !^2 + 1^3 + 1^4 < 3}, 
{0 < 1^1 < l,i^2 + ^^4 > ^,1^2 + V3 < 1,J^4 < l,3l^i — i^2 — 1^3 + 1^4 > 3}, and 
{0 < i^l < 1, 1^2 + 1^4 > 1, i^2 + ;^3 < 1, 1^4 < 1, 3i^l + !^2 + !^3 - ^^4 > 3}. 

4Ai. Two regions; {0 < J^i < i' — 2 < 1^3 < 1^4 < i} and {i^i + V4 < 1, 1^2 + 1/3 < 

1, i^2 + 1^4 > 1, -1^1 + 1^3 + 1^4 < f < J^l + K3 + >^4}- 
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